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The luxury of today is the necessity of tomorrow. Every advance first comes into being as the

luxury of a few rich people, only to become, after time, the indispensable necessity taken for

granted by everyone. Luxury consumption provides industry with the stimulus to discover and

introduce new things. (. . . ) To it we owe the progressive innovations by which the standard of

living of all strata of the population has been gradually raised.

Liberalism, von Mises (1928, p.32)

1 Introduction

Many innovations follow a similar pattern: A new good is introduced as a luxury to a narrow

market of affluent consumers. After some time, it becomes affordable to a wide range of consumers.

This happens either through firms selling older vintages of the same product at a reduced price,

or through dedicated mass production. Regardless of how they emerge, these broadly affordable

versions are typically of lower quality than the luxury product sold at the top end of the market.

An example are consumer durables. Cars, televisions, and mobile phones were all initially luxury

consumption goods, but nowadays they have become necessities for many consumers. For instance,

as of writing, there exist five different versions of Apple’s latest iPhone, at least six core-versions of

the VW Golf, and more than twenty different variations of the same television produced by Samsung

Electronics.1 Empirically, innovation is not always purely vertical or horizontal but a cross-over of

product, process and quality innovation. Rationalizing these observations, this thesis develops a

model of endogenous long-run growth through three distinct types of innovation: Firms introduce

new goods via product innovation to a narrow market of rich consumers (horizontal innovation).

After some time, firms can conduct process innovations that cut quality and cost of a given product

making it affordable to a wider range of consumers (process innovation). Alternatively, they develop

high-quality alternatives to upgrade existing products and sell older vintages at a discount (quality

innovation). The driving force behind such innovation patterns is demand-side inequality.

Besides these empirical observations, there is an additional theoretical motivation for this thesis.

The literature on innovation and endogenous economic growth has struggled to formalize process

and quality innovation in a joint framework. For instance, in the standard Schumpeterian model of

growth, the two types of innovation are isomorphic choices for firms up to prices. That is, whether

a firm increases the quality-to-cost ratio of existing products through a change in marginal cost

(process innovation) or through a change in product quality (quality innovation) does not matter

for profits. I break this isomorphism through the introduction of consumer heterogeneity which
1See the respective model catalogues on manufacturers’ websites. For more evidence see Varian et al. (2004, Ch.5).
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induces the two innovation types to differ non-trivially in their impact on resource efficiency. Nat-

urally, this leads to the question of how inequality affects innovation and in particular the choice

between process and quality innovation.

Mechanisms, findings and contribution

I develop a two-sector model of innovation and growth. It combines (Schumpeterian) vertical inno-

vation, horizontally expanding variety and quality-and-cost-decreasing (process) innovation. There

are rich and poor consumers who have identical, intra-temporally non-Gorman preferences over

an aggregated consumption good from the two production sectors. Within each sector there is an

expanding measure of differentiated and indivisible products. Consumers decide for every product

whether or not to consume. If they choose to consume, they need to select the associated product

quality level. In this setting, income inequality affects both the incentive to develop new products

and the incentive to introduce new vintages of exiting products. Firms pay a fixed cost to set up

operation in either of the two sectors. This is a product innovation. From then on sectors differ in

terms of the prescribed innovation pattern. While one sector is associated with quality innovation,

the other is associated with process innovation. That is, after entry in either of the two sectors firms

produce an initially expensive luxury product. In the quality innovation sector, they can upgrade

the quality of that product. In the process innovation sector, they can introduce a low-cost-low-

quality version of it. In either case, a firm attains a second quality vintage of an existing product.

This new vintage is used to price-discriminate consumers based on their income. To do so, firms

employ the optimal non-linear pricing strategy known from monopolistic screening (Mirrlees 1971).

A consumer’s type is private information, and the willingness to pay is always higher for rich types.

Hence, if firms have only one quality at their disposal and if the share of rich types is sufficiently

high, firms set prices such that they price-out poor consumers from luxury consumption. This cap-

tures the notion that more affluent households consume both a larger variety and a higher average

quality of goods. However, as soon as firms have attained a second quality vintage through in-

novation, they devise an optimal non-linear contract and sell the higher quality to rich consumers

while selling the lower quality to poorer consumers at a discount. Fundamentally, firms innovation

activities are intended to improve on their effectiveness in price discrimination. This mechanism is

commonly known as the surplus appropriation effect. Given the innovation choice, quality innovation

predominantly happens at the top end of the product range while process innovation is conducted

on mass markets.
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In this setting, I investigate the demand-side incentives for firms to choose either innovation

regime and I determine the optimal mix of innovation. The answer depends on two crucial issues.

First, it is important whether higher inequality is due to a larger income gap or to higher income

concentration. Second, the intensity of technological spillovers from the various innovation activities

matters. If growth is mainly driven by making goods affordable in mass markets, a smaller income

gap between rich and poor households encourages growth while a weaker income concentration

has an ambiguous effect. This is due to the interaction of a market size and a price effect. If growth is

mainly driven by introducing new luxuries to the rich, a smaller income gap and a weaker income

concentration discourage growth. In general, growth is dictated by the applicability of innovation-

specific knowledge in the various research and development (R&D) activities and subsequent pro-

duction. This introduces a trade-off between cost savings from process innovation and knowledge

spillovers from quality upgrading, and there exists an optimal mix of these innovation activities.

In equilibrium, the relative prevalence of product, process and quality innovation then depends on

consumer preferences for quality, the distribution of consumer incomes, and the size of consumer

groups. The model suggests that the sectoral allocation of resources in R&D and production might

be driven by demand-side incentives rather than supply-side firm decisions. Moreover, I show that

the endogenous innovation pattern in this model matches empirical regularities on product cycles

previously unaccounted for by both vertical and horizontal models of endogenous growth. I extend

my model to account for continuous quality growth and deterministic product cycles with falling

prices. Finally, the model lends itself to the analysis of structural change and Baumol’s cost disease.

The contribution of my thesis is two-fold. First, it introduces a setting where process and quality

innovation are no longer isomorphic. In most vertical innovation models of homothetic utility

and homogenous households, process and quality innovation are isomorphic with respect to firms’

decision making. I investigate the conceptual differences between quality and process innovation in

a setting where the two innovation types differ in their impact on resource efficiency. To be precise,

conducting a quality innovation implies a higher efficiency gain in production than conducting a

process innovation. This is a novelty that addresses a theoretical weakness found in Schumpeterian

growth models. Second, beyond the separation of process and quality innovation, this thesis is the

first to model product, process and quality innovation in a joint framework of endogenous growth.

In a novel approach, I combine (Schumpeterian) vertical innovation, horizontally expanding variety

and quality-and-cost-decreasing (process) innovation in a two-sector model.
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Literature

The literature on endogenous growth via R&D can be divided broadly along the lines of horizon-

tal and vertical innovations. Starting with Romer (1990), horizontal innovation models explain the

growth process along an ever expanding set of product varieties. Conversely, vertical innovation

models focus on quality ladders, that is, the repeated improvement on a closed set of products

(Segerstrom, Anant & Dinopoulos 1990, Grossman & Helpman 1991, Aghion & Howitt 1992). A

third branch of the literature combines vertical and horizontal innovation in order to eliminate the

strong scale effect of first-generation endogenous growth, for instance Segerstrom (1998), Howitt

(1999) or Peretto (2018). Moreover, a series of recent papers analyzes supply-side rationales for the

joint occurrence of horizontal and vertical innovation - typically in connection with heterogenous

firm size. Acemoğlu & Cao (2015), for example, study a growth model where entrants add new

products while incumbents conduct vertical innovation because of scale effects to productivity. Ak-

cigit & Kerr (2018) analyze a model where incumbents can conduct internal (vertical) innovation on

existing products or diversify business lines through external (horizontal) innovations. Additionally,

there is entry of new firms. Firms are heterogenous and innovation prowess decreases in firm size.

In contrast, Peretto & Connolly (2007) combine a horizontal innovation model with fixed operating

costs where vertical innovation implies higher production efficiency. In this model, fixed costs ren-

der horizontal innovation to be constrained by the economy’s resources such that long-run growth

through stand-alone product innovation is infeasible. However, firms’ returns to innovation scale in

their operations such that vertical innovation spills over to make horizontal innovation sustainable.

Crucially, the authors define vertical innovation as an improvement in efficiency. Yet, this can entail

both an improvement in quality or the production process.2 As in most vertical innovation models

of homothetic utility and homogenous households, process and quality innovation are isomorphic.

In fact, Acemoğlu (2009) demonstrates that they are not only qualitatively equivalent but mathe-

matically very similar. That is, for the incentives to innovate, it does not matter whether a firm

improves the quality of an existing product holding marginal cost constant or decreases marginal

cost while holding quality constant. In contrast, under non-homothetic preferences, the distinction

between product and process innovations becomes non-trivial. Foellmi, Wuergler & Zweimueller

(2014) introduce a model of product and process innovation. They model process innovation as the

systematic decrease in quality of existing products and in their associated cost in order to produce

at a higher quality-to-cost-ratio. Their mechanism departs from homothetic preferences and house-

hold equality. Process and product innovations have different implications for consumption choice;

2An earlier version of what I refer to as product transformation can be found in Peretto (1999).
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such that the innovation mix itself is, in a non-trivial way, affected by the distribution of income.

Allowing for non-homothicities therefore introduces a third dimension of innovation. My thesis

generalizes Foellmi et al. (2014) by allowing for the co-existence of process, product and quality

innovations through a two-sector setup. In particular, I use Foellmi et al. (2014) specification of a

process innovation and nest it in a two-sector endogenous growth model that additionally features

quality innovation. To the best of my knowledge, this thesis is the first to jointly allow for product,

process and quality innovation. The main mechanism of innovation in my model is firms’ desire to

improve on price discrimination by introducing new quality versions of existing products. While

this mechanism can be found in Foellmi et al. (2014) for process innovation and in Latzer (2018)

for quality innovation, in this thesis it drives both process and quality innovation. Therefore one

can understand this thesis as a combination of these two aforementioned papers in a two-sector

setup. Finally, although Foellmi et al. (2014) also capture that products start out as luxuries before

becoming necessities over time, their model can only explain this pattern for process innovation

but not for quality innovation. In contrast, this thesis can explain such product cycles under both

process and quality innovation. Besides the above literature on multi-dimensional economic growth

through R&D, my analysis relates to the literature along at least three strands.

First, it investigates demand-side incentives for technical progress via the composition of aggre-

gate consumer demand. In particular, it belongs to the class of contributions generating consump-

tion difference via non-Gorman preferences. Foellmi & Zweimueller (2006) analyze the impact of

inequality on growth for a model with non-homothetic, hierarchic preferences. They identify a price

effect that allows firms to charge higher prices if inequality is high, and a market size effect where

higher inequality renders smaller markets. In this expanding variety model, an increase in inequal-

ity unambiguously elevates growth rates such that a redistribution from the poor to the rich may

be Pareto improving for low levels of inequality. Zweimueller (2000) and Zweimueller & Brunner

(2005) study a model of quality innovation allowing for the coexistence of multiple vintages of a

given product in an oligopolistic market. In a two-class society, the quality leader sells to rich con-

sumers while the challenger supplies the second highest quality to poorer consumers. In general,

they find that a more equal distribution of income incentivizes innovation but the nature of redis-

tribution matters. Matsuyama (2002) provides a first model of mass production with non-Gorman

preferences where sectoral productivity improvements trigger the successive transformation of lux-

uries into necessities. In Matsuyama’s horizontal innovation model, the economy remains stuck in

a poverty trap if inequality is too low while a too unequal society halts growth prematurely. Finally,

Foellmi & Zweimueller (2017) study market size and price effects for a setting where product in-
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novation entails a process innovation. The price effect dominates and inequality increases growth

if innovators have a large productivity edge, and hence high mark-ups. Latzer (2018) introduces a

Schumpeterian model with multi-product firms under non-Gorman preferences. Similar to Foellmi

et al. (2014), there is positive investment into R&D due to a surplus appropriation effect - that is, more

effective price discrimination due to a vertically expanding product set - offsetting the replacement

effect usually found in models of vertical innovation.3

Second, the thesis loosely connects to the study of biased technical change, a literature that

analyzes the forces skewing knowledge accumulation towards a particular production factor (e.g.

Acemoğlu 1998, 2002, 2009, Ch.15). Similar to my model, this literature emphasizes the counteract-

ing forces of market size and price effects for the allocation of resources. However, while directed

technical change determines the allocation of resources through the relative demand for production

factors, this thesis works along a the relative demand for consumption goods. Factor allocation and

R&D-spending are therefore determined by demand-side rather than supply-side incentives.

Third, the thesis relates to the literature on demand-side rationals of structural change. Foellmi

& Zweimueller (2008) study a model where (asymptotically non-homothetic) hierarchic preferences

and non-linear Engel-curves generate endogenous consumption cycles. That is, a product’s income

elasticity is initially high and gradually decreases with growing income. Hence, goods start out

as luxury needs but gradually become necessities. The model satisfies the Kaldor facts on the ag-

gregate while allowing for continuous sectoral reallocation and changing sectoral composition. In

contrast to Foellmi & Zweimueller (2008) who focus on income effects, Boppart (2014) discusses

structural change for the case of two composite goods explicitly allowing for relative price effects

through Muellbauer price-independent generalized linear preferences (PIGL). Expanding on this,

Comin, Lashkari & Mestieri (2018) introduce a variation of non-homothetic CES preferences allow-

ing for heterogeneity in income elasticity among the goods within each nested composite. This

heterogeneity amplifies the role that demand-side non-homotheticity plays for structural change.

The remainder of the thesis is organized as follows: Section 2 presents historical evidence

motivating five empirical regularities of innovation and growth. Section 3 provides a primer on

utility theory in macroeconomic models. Section 4 outlines the formal framework and derives the

balanced growth equilibrium. Section 5 sketches three possible extensions to the core model, and

section 6 discusses mechanism and findings. Section 7 concludes.

3There is some misunderstanding surrounding the notion of the replacement effect versus the business stealing effect. See
for example Acemoğlu (2009).
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2 Motivating evidence

I present motivating evidence on consumption and innovation. First, I describe three empirical reg-

ularities on macroeconomic innovation patterns. In particular, I present evidence that innovation is

both vertical and horizontal. Second, I argue that these patterns can be related to Engel’s law sug-

gesting that more affluent consumers spend a larger share of their income on luxury consumption

goods. I support this theory with empirical and anecdotal evidence.

Empirical regularities. Empirically, the following regularities can be observed:

(i) The number of products supplied by a firm is increasing in its lifetime, and the number of firms increases

over time.

(ii) For the majority of products, quality increases over time.

(iii) The price for a product of a given quality is decreasing over time.

Moreover, I argue that these regularities can be related to the following casual observations on luxury con-

sumption and innovation:

(iv) Many new products are initially affordable only to affluent consumers. After some time, cheaper, low-

quality-low-price versions are introduced which are sold to the broader public.

(v) Many new products are initially affordable only to affluent consumers but as their quality improves, the

initial versions are sold at a discount to the broader public.

Empirical regularity one

There is an expanding variety of products both on the aggregate and within firms over time. To put

it differently, the number of products supplied by a firm is increasing in its lifetime, and the number

of firms increases over time. A common starting point used in many contributions that document

this empirical regularity is a figure similar to figure 1. It shows the logarithm of the total number

of patents registered in the United States since 1790. The growth rate in patent registration has

been remarkably constant over the last two hundred years. Now obviously not every new patent

refers to a new product and not every new product is patented, but it illustrates that there has been

considerable innovation activity over the last two hundred years. Many of these innovations were in

fact new consumer goods or intermediate inputs. Let me focus on the variety of goods consumed.

In a seminal paper, Bils & Klenow (2001a) exploit consumer spending patterns to measure growth

in product variety between 1960 and 2000 in the United States. They document that the range of
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Figure 1: Log number of patents in the United States, 1790-2015.
Source: Author’s rendering of U.S. Patent and Trademark Office data (2019).

consumer goods has been growing by approximately 1% year-on-year. Moreover, their evidence

suggests that variety growth has accelerated in the second part of the sample with growth rates up

to 2.2%. Besides the aggregate growth in product variety, there is compelling evidence that also the

variety by firm expands in its lifetime. Argente, Lee & Moreira (2019) use firm-level barcode data

to document the number of products supplied by a firm over time for a sample of U.S. consumer

retail products. I reproduce their findings in figure 2. The horizontal axis denotes an average firm’s

age in quarters, and the vertical axis denotes the log-number of products supplied. The grey area

are 95%-confidence bands. One can see that in particular in the early stages of operation, the av-

Figure 2: Total number of products over firm life cycle.
Source: Author’s replication of Argente, Lee & Moreira (2019, p.49, Fig.14).
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erage number of products supplied is expanding rapidly by about 5% to 10% quarter-on-quarter.

As firms get older (or more established), the growth rate decreases. Now if one thinks of the kind

of new products that are introduced, there is strong evidence that firms offer a wide range of ver-

sions and qualities within given product lines (their core business). Akcigit & Kerr (2018) indicate

that the overwhelming majority of innovations conducted by incumbent firms are incremental, that

is, improving the efficiency in production of existing products. This can entail an improvement

in quality or a less resource-intensive process of production. Evidence by Garcia-Macia, Hsieh &

Klenow (2019) suggests that firms innovate along multiple dimensions but the majority of inno-

vation are incremental changes to existing product lines within incumbent firms.4 Garcia-Macia

et al. also find that the overwhelming majority of innovations happens within incumbent firms (up

to 87% from 2006-2013) and these innovations are typically within their own product line, that is,

process or quality innovations (up to 77% during the same time). Loosely speaking, firms stick to

their product lines. I interpret this evidence to corroborate the notion that firms offer a large va-

riety of products within a product line such that the set of products is expanding in a firm’s lifetime.

Empirical regularities two and three

The last century has seen an astonishing increase in the quality of many products. I argue there are

two empirical regularities: (i) For the majority of products quality increases over time; and (ii) the

price for a product of a given quality is decreasing over time. Let me start by going back to figure 5.

Over the last 100 years, not only has the share of people owning motor vehicles increased, but so has

product quality. A bottom-of-the-range car today is more durable, more convenient, more econom-

ical, faster and generally more refined than the Ford Model T of 1928; the hardware of even a new

bottom-of-the-range computer improves every year; and so on. This anecdotal evidence documents

the quality progress of even the most inferior versions of many products. On a sample of durable

goods, Bils & Klenow (2001b) estimate average quality growth of 3.7% per annum for 1980-1996.

Quality increases account for about 40% of observed price increases over time with the residual 60%

attributed to inflation.5 Bils (2009) estimates average yearly quality growth of consumer durables

at 2.5%, with higher rates of 3.3% for motor vehicles and 4.4% for consumer electronics.6 Similarly,

4The authors use employment churn and labor reallocation to proxy for creative destruction. The idea is that if
innovation is vertical, that is creatively destructive, a new product increases labor employment by the innovator at the
expense of its competitors. Conversely, if innovation is expanding variety, new products should leave employment
relatively unaffected.

5The sample in Bils & Klenow (2001b) comprises durables accounting for 80% of consumer durable spending in the
U.S. and 12% of consumer price index goods (CPI). Of course, there are some products for which there has been no
quality improvement or cost saving. I will touch upon this in section 5 where I discuss an application to the cost disease
first described by Baumol (1967).

6With even higher quality growth rates for quality consumed if one accounts for model changing by consumers. This
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Figure 3: Price of product over the lifecycle by category’s target income groups.
Source: Author’s replication of Argente, Lee & Moreira (2019, p.47, Fig.12).

this implies that a substantial part of observed price increases is due to quality improvements with

quality-adjusted inflation to be adjusted by two percentage points. Finally, this begs the question

what happens to products that do not improve their quality. Figure 3 is adapted from Argente, Lee

& Moreira (2019). It shows the log-price change of an average product in its first sixteen quarters

of marketing (the average lifecycle of a new product) while holding quality constant. I display the

price change for the most luxurious and the most inferior product of a product line, as well as two

intermediate versions. For all qualities, the price is falling in its lifetime. The price decrease, how-

ever, is most pronounced for luxury goods where prices fall at an almost constant rate. Conversely,

the decrease is weaker at the lower end of the quality range.

Observations on innovation and luxury consumption

In this thesis I argue that the majority of innovation follows one of two patterns: (i) Many new

products are initially affordable only to affluent consumers. After some time, cheaper, low-quality-

low-price versions are introduced which are sold to the broader public; (ii) Many new products are

initially affordable only to affluent consumers but as their quality improves, the initial versions are

sold for a lower price to the broader public. To rationalize these observations, let me first discuss

the importance of luxury consumption. It is well documented that the expenditure share of luxury

products rises as households become more affluent. This regularity is widely known as Engel’s

law.7 For example, figure 4 plots the average annual expenditure of the top and bottom 20% of U.S.

may also include forced quality changes such as old models become obsolete.
7As Foellmi & Zweimueller (2008) elaborate, Engel originally observed that the share of food in a consumer’s expen-
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households’ income distribution from 1984 to 2017. Goods are classified in accordance with the

Bureau of Labor Statistic’s categorization of luxury and necessity consumption. While an average

Figure 4: Luxury and necessity expenditure in the United States, 1984-2017, for top 20% quintile
(left) and bottom 20% quintile (right).

Expenditure classification according to Bureau of Labor Statistics.
Source: Author’s rendering of Bureau of Labor Statistics Consumer Expenditure Survey (2019).

household in the bottom quintile spends roughly 40% of its annual income on luxury consump-

tion, for a household in the highest quintile it is 65%. These shares have been remarkably stable

over time suggesting that this pattern is in fact driven by consumer preferences. Similar evidence

is provided by Aguiar & Bils (2015) who estimate income elasticities and associated Engel curves

for various categories of consumer spending. They find income elasticities ranging from 0.4 for

some necessities (home food consumption, utilities) to 1.7 for some luxury goods (entertainment

spending, education). Hence, the empirical evidence corroborates non-linear Engel curves.8 I argue

in this thesis that many innovations are driven by the higher willingness to pay of rich households

for new luxury consumption goods. A good example are consumer durables. Figure 5 shows the

per-capita ownership of various consumer durables in the United States in the last 100 years. At

introduction, most types of consumer durables are only consumed by a fraction of the households.

The figure also shows that levels of penetration rise over time. Many new products are initially only

affordable to a small subset of affluent consumers but after some time become more affordable to a

broad range of consumers. Penetration rates for automobiles in the early 20th-century, for instance,

had been as low as 1% but with the introduction of the Ford Model T in 1908 per capita ownership

reached almost 20% within fifteen years. By 1924, 50% of households and 22% of Americans had

diture basket decreases in income. The definition by Houthakker (1987) encompasses the decreasing share of necessities.
8And hence the non-homotheticity of demand. I discuss the implications in the subsequent section.
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Figure 5: Consumer durable ownership in the United States, 1900-2019.
Source: Author’s rendering of Bureau of Labor Statistics Consumer Expenditure Survey (2019).

access to a car (Bowden & Offer 1994). While the automobile might be the prime example, the same

pattern can be observed for many consumption goods, durables and services. As the technologi-

cal frontier advances and incomes grow, former luxuries become broadly affordable. Matsuyama

(2002) refers to this as the Flying Geese pattern. Besides plain income effects of rising living stan-

dards, key elements of such product cycles are cost-saving process innovations or quality upgrades

- both inherently improving the quality-to-cost ratio. After a product has been invented, initial

manufacturing costs are relatively high, and sales volumes low, as the good can only be afforded

by a few rich households. A process innovation spurs the potential for mass production. Similarly,

quality upgrades often entail learning by doing such that the initial versions can now be produced

more efficiently and sold at lower prices while the new (high quality) upgraded product remains

exclusive and expensive. Reconsider figure 5. As established, (durable) goods such as cars, TVs and

mobile phones were initially after their introduction only affordable to a narrow segment of affluent

consumers but over the course of the product lifecycle, have been rolled out on mass markets. To

do so, firms can improve on the existing quality and sell older vintages of the same product at

a cheaper price such that they become affordable to less affluent consumers. Alternatively, many

firms introduce low-cost version of their bestsellers. Such versioning is particularly common for

consumer electronics but also occurs for many other durable and non-durable consumption goods,

and even many services. Varian, Farrell & Shapiro (2004, Ch.5) provide an abundance of anecdotal

evidence on versioning - manly for information goods.
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3 Preferences and the theory of economic growth

The model in this thesis relies on the following mechanism: Firms introduce new vintages of exist-

ing products in order to price-discriminate between consumers based on their wealth. More affluent

consumers are willing to pay higher prices, so it might be profit maximizing to price poorer con-

sumers out of the market. This implies that consumption across consumers can be heterogenous

at both the intensive and extensive margin. From a theory point of view this poses a challenge.

For this mechanism to work, preferences need to be such that consumers purchase differentiated

consumption baskets depending on their wealth. The majority of growth models, however, relies

on preferences where rich and poor consumers differ only in the intensive margin (and possibly the

quality) of consumption but not the variety consumed. For example, the (quasi-homothetic) Gor-

man class of utility functions requires that marginal utility of wealth be a function of the price vector

but not of wealth itself. Allowing for distinct consumption bundles implies that marginal utility is

no longer independent of wealth levels. In fact, the majority of contributions in the growth litera-

ture restricts preferences not only to be Gorman but additionally to lie in the set of inter-temporally

additively-separable and homothetic preferences, that is, to be represented by the constant relative

risk aversion (CRRA) utility function. In order to understand what drives the results in my model,

I want to further illustrate the common restrictions on preferences. Consider definition 1.

Definition 1 (Homothetic preferences). A preference relation ě defined on a cone K Ă Rn is (weakly)

homothetic if @x, y P K, @λ P R``: x ě p„qy ñ λx ě p„qλy.

Weakly homothetic and continuous preferences are homothetic. Additionally, if they are continuous

and increasing, one can represent them by a utility function u : Rn
` Ñ R that is homogenous of

degree one (Dow & Ribeiro 1992). A popular way to illustrate this relationship is to say that the

slope of indifference curves remains constant along rays through the origin, or that the marginal

rate of substitution is invariant to rescaling by a positive scalar. Figure 6 illustrates. Following from

that, quasi-homothetic utility functions are simply affine transformations on a homothetic utility

function. This is the Gorman (polar) class. For illustration, assume a continuum of consumers

i P I “ r0, 1s with quasi-homothetic preferences and wealth Ii. The budget set is tx : xp, xy ď Iiu and

the indirect utility function of consumer i is

vipp, Iiq “ aippq ` bppqIi, (3.1)

where aip¨q and bp¨q are functions of the price vector p. It is easy to see that (3.1) is in fact ho-
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mogenous of degree one in wealth up to the constant aippq.9 Via Roy’s identity the (Marshallian)

uncompensated demand function of consumer i for good j is given by xi
jpp, Iiq “ ´

Bvip¨q{Bpj

Bvip¨q{BIi and the

marginal utility of wealth is

Bxi
jpp, Iiq

BIi “ ´

Bbppq
Bpj

bppq
” ´

bjppq
bppq

, (3.2)

implying that the wealth expansion path for two goods j and k is affine with slope bkppq
bjppq

, and that

marginal utility of wealth is independent of one’s wealth level. Moreover, the marginal utility bjppq
bppq is

the same for all consumers which means that their Engel curves are parallel and can be aggregated

to represent aggregate demand as a function of aggregate wealth (Mas-Colell et al. 1995, 4.B.1).

Consider the aggregate demand for good j,

Djpp,Iq “

ż

iPI

xi
jpp, Iiqdi “ ´

ż

iPI

Bvippq{Bpj

Bvippq{BIi di “ ´
1

bppq

ż

iPI

ai
jppqdi´

bjppq
bppq

ż

iPI

Iidi.

This result is often used in macroeconomics because via Gorman’s aggregation theorem it suffices

for the existence of a (normative) representative consumer. Heuristically speaking, because income

expansion paths are parallels, there does not exist a redistribution of wealth that can change ag-

gregate demand. One may well treat the demand of a continuum of household as if it was a

representative consumer’s demand. Note that Gorman forms are sufficient for the existence of a

representative consumer but there exist various other classes, for example the widely used price-

independent generalized linearity (PIGL), that allow for aggregation (Boppart 2014, p.2174). For

xj

xk

Ū1 Ū2 Ū3

IEP

xj

xk

Ū1

Ū2

Ū3

IEP

xj

xk

Ū1

Ū2

Ū3

Ū4

IEP

Figure 6: Income expansion paths
Homothetic preferences (left), Gorman preferences (center), and non-homothetic preferences (right)

Gorman forms, (3.2) implies that the only difference in consumption between rich and poor is the

9By Euler’s theorem the derivative of a homogenous function of m is homogenous of m´ 1 (Acemoğlu 2009, p.29).
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intensive margin of consumption (a poor consumer’s budget set is just a subset). Any impact of

income distribution on the various products’ demand curves is assumed away. The standard way

to break this relationship is to introduce non-homothetic preferences. In the next section, I specify

utility over binary consumption where only the extensive margin of consumption can be chosen.

Before that, there is a second aspect of preferences to be discussed. Until now I have focused on

the intra-temporal aspect of consumption but in many dynamic models, preferences are typically

restricted to be of constant relative risk aversion (CRRA). Proposition 1 illustrates.

Proposition 1. The CRRA utility function is the most general in the class of utility functions satisfying (i)

homotheticity, (ii) additively-separable utility, and (iii) balanced growth.

Proof. Acemoğlu (2009, pp.308-9,323,E8.27).

In the same way that the Gorman property describes an intra-temporal allocation, one can think

of it in an inter-temporal context. A common restriction placed on utility is that it be additively-

separable across time implying a linear path of consumption growth - which is the same as to say

that the income expansion path be linear. The most general class of utility functions that admits

additively-separable and Gorman preferences is of hyperbolic-absolute risk aversion, that is, the

Arrow-Pratt measure is hyperbolic (HARA or Pollak preferences, Mrázová & Neary 2017, App.1,

p.21). The HARA class can be characterized by its marginal utility

u1pxq “
ˆ

Ξx
σ
´ x̄

˙´σ

, (3.3)

where Ξ ą 0, σ, x̄ are preference parameters. With HARA preferences, there is no inter-temporal

impact of income distribution on aggregate demand. The individual’s Euler-Lagrange equation

also characterizes optimal aggregate behavior. This discussion illustrates that HARA is a subset

of the Gorman class. In the same way that there are other classes besides Gorman that allow for

aggregation, there are other classes besides HARA that allow for inter-temporal aggregation. The

most general can be found in Alder, Boppart & Müller (2019, p.22-3). Finally, many macroeconomic

models are concerned with balanced growth. For a model to admit this feature, there needs to be

inter-temporal homotheticity. In the same way that homothetic utility requires that the marginal rate

of substitution between two goods be constant within a period, HARA is only strictly homothetic

across time if the intertemporal elasticity of substitution is constant. This is the case if one restricts

(3.3) with x̄ “ 0 and σ P R``, yielding CRRA.
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4 Model

4.1 Setup

Consumers, endowment, and distribution

Consider an economy with a measure L P R`` of ex-ante heterogenous consumers. A share

β P p0, 1q is poor (P) and the remainder 1 ´ β is rich (R). Rich and poor types i P tP, Ru have

identical preferences but unequal labor endowments. While a P-type’s endowment is low and

given by θ P p0, 1q, a R-type has a high endowment of 1´βθ
1´β ą θ.10 Labor supply is inelastic such

that every consumer supplies their respective endowment taking the wage wptq as given. Therefore,

incomes from work grow with the wage rate, aggregate labor income for all P-types is βθwptqL and

aggregate labor income of R-types is p1´ βθqwptqL. Additional to earning labor incomes, consumers

0 1
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Figure 7: Lorenz curve.

have a shareholding in firms. Let the total value of firms be vptq. Different to labor endowments,

consumers can change their shareholding through saving. Assume that at time zero a P-type holds

a fraction ξp0q in firms that amounts to the total value vPptq “ ξptqvptq, while for an R-type holdings

are vRptq “
1´βξptq

1´β vptq. As time passes by, the distribution of firm shares therefore changes. Follow-

ing Foellmi et al. (2014), I make two simplifying assumptions. First, in this thesis I restrict myself to

the analysis of a balanced growth path (henceforth BGP). As discussed in section 3, savings rates are

independent of type on such a BGP if preferences feature a constant inter-temporal elasticity of sub-

stitution, that is, if they are homothetic across time. In fact, below I assume additive and logarithmic

inter-temporal preferences generating equal optimal savings rates for all consumers. Therefore, the

10Notice that βθ` p1´ βq
1´βθ
1´β “ 1.
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wealth distribution is stationary at ξptq “ ξ. Second, I follow Foellmi et al. (2014, p.625) who argue

that it is without loss of generality to assume that on a BGP the wealth distribution is identical to

(initial) labor endowments. Formally, this means that ξ “ θ. While this is clearly a rather special

case, it keeps the analysis simple. This assumption, together with an absence of income shocks,

ensures that the initial distribution persists over time. From these two assumptions it follows that

the tuple pβ, θq P p0, 1q2 fully characterizes the economy’s distribution on such an equilibrium path.

Figure 7 illustrates via a Lorenz curve. Notice that inequality increases in β and decreases in θ.

I interpret changes in θ as changes in the income gap and changes in β as changes in the income

concentration.

Preferences

Consumer preferences are independent of type and inter-temporally additively-separable with re-

spect to an aggregated consumption good Xiptq. For consistency with balanced growth, I assume

CRRA and to make the exposition as clear as possible I set the inverse inter-temporal elasticity of

substitution to one. Consumer i’s total discounted utility is

Uip0q “

8
ż

0

ln Xiptq e´ρt dt, (4.1)

with subjective discount rate ρ P R``. I introduce non-homotheticity via the aggregation of the

consumption good. For tractability, I rely on binary preferences as suggested in Gabszewicz &

Thisse (1979) and Shaked & Sutton (1982). The aggregated consumption good Xiptq is defined over

two sectors s P S “ te, mu each containing a measure Nsptq of goods, respectively. Let xipt, jsq denote

i’s consumption of good js P Nsptq. It is indivisible, so consumers choose the extensive margin

of consumption only, that is, xipt, jsq P t0, 1u. As soon as one unit has been consumed, there is

satiation for that good and an additional unit yields no marginal utility. Note that although binary

preferences are not part of the HARA class in (3.3), they can be derived as a limiting case with

x̄ “ ´1, Ξ “ ´σ and σ Ñ 8. In addition to this take-it-or-leave-it consumption choice, a consumer

selects the associated discrete quality level at which to consume a good. There are at most two

qualities available, high (h) and low (l), so k P th, lu. I denote the quality of js consumed by i as

qipt, jsq P tqs
l , qs

hu, where qs
h ą qs

l . The consumption aggregator is

Xiptq “ rXe
i ptqs

φ
rXm

i ptqs
1´φ , (4.2)
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where φ P r0, 1s is the elasticity with respect to an aggregated sector-consumption good of the form

Xs
i ptq “

Nsptq
ż

0

xipt, jsqqipt, jsqdjs, (4.3)

for s P S. This setup has two implications. First, the (inverse) elasticity of substitution across time

is equal to the elasticity of substitution across sectors. From Cobb-Douglas aggregation and log-

preferences, this is unity. Second, goods within each sector are treated as perfect substitutes.11 To

complete the setup of the economy’s demand side, consider i’s lifetime budget constraint

8
ż

0

»

—

–

Neptq
ż

0

ppt, je, qe
i qxipt, jeqdje `

Nmptq
ż

0

ppt, jm, qm
i qxipt, jmqdjm

fi

ffi

fl

e´Rptqdt ď

8
ż

0

Iiptqe´Rptqdt, (4.4)

where the price of js depends on the quality it is being consumed in, as well as time. I abbreviate

the price by ppt, js, qs
i q ” prt, js, qipt, jsqs. Moreover, Rpt, τq ”

şt
τ rpsqds denotes the cumulative market

discount factor between dates τ and t where rpsq is the real interest rate. Hence, Rptq ” Rpt, 0q is the

market discount factor between time zero and t. Finally, Iiptq is instantaneous income.

Consumer optimization

Since utility is separable across time, consumer’s utility maximization problem consists of two

independent parts: (i) Choosing the optimal mix of consumption within an instant of time (intra-

temporal problem), and (ii) determining the optimal allocation across time (inter-temporal prob-

lem).12 For the intra-temporal problem, suppose a consumer is deciding on consuming good js. A

good will be consumed if the marginal utility of consumption exceeds its price. For example, js is

being consumed in high quality if the marginal utility of that good at quality level h exceeds its price.

But it also has to (weakly) dominate all other alternatives: Consuming the good at the low quality

level l and paying a lower price, or not consuming the good at all. Let me formalize this optimality

condition. Denote by us
i,k i’s surplus of consuming quality k P th, lu and by us

i, k the surplus from

the other quality. Then, a good is being consumed in k if and only if us
i,k ě pu

s
i, kq

` ” maxt0, us
i, ku.

11Preempting the model mechanism, choosing only the extensive margin generates differences in the variety consumed
by the types. Consumption is such that R-types choose a larger variety of goods while P-types cannot consume the full
range of goods. The drivers behind this result are (i) the extensive margin choice and (ii) incomplete information coupled
with monopolistic screening, and (iii) the assumption of a sufficiently large income gap between types.

12Notice that the binary structure of consumption choice implies that the optimal control is a piecewise continuous
function. Hence, it requires some additional attention. Seierstad & Sydsaeter (1987, p.362-3) provide the sufficient and
necessary conditions. In appendix A.1, I solve the problem for general HARA preferences and then derive the limiting
case of binary preferences. Apart from that, CRRA inter-temporal preferences dictate that the inter-temporal allocation is
governed by the standard Euler-Lagrange equation.
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The full set of conditions is

txipt, jsq, qipt, jsqu

“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

t1, qs
hu if qs

hµs
i ptq ´ ppt, js, qs

hq ě maxt0, qs
l µ

s
i ptq ´ ppt, js, qs

l qu

t1, qs
l u if qs

l µ
s
i ptq ´ ppt, js, qs

l q ě maxt0, qs
hµs

i ptq ´ ppt, js, qs
hqu

t0, ¨u else

for s P tm, eu,

with µe
i ptq ”

φ

λiptqXe
i ptq

, and µm
i ptq ”

1´ φ

λiptqXm
i ptq

,

where λiptq is the marginal utility of wealth at date t (the current value multiplier on the budget

constraint) which is independent of sector. Define a variable µs
i ptq that captures i’s willingness to

pay per unit of quality for a good in sector s. One might think of it as an adjusted marginal utility

of wealth. Figure 8 shows the demand curve for good js. Hence, good js is being consumed in

quality k if i’s marginal willingness to pay is sufficiently larger than the associated price ppt, js, qs
i q

such that choosing another quality level or not consuming the good at all are (weakly) dominated.

Notice that marginal willingness to pay for the rich is always higher than for the poor.

Lemma 1. For s P te, mu, it holds that µs
Rptq ą µs

Pptq.

Proof. Foellmi & Zweimueller (2017, p.364) for the continuous case.

0 1

µs
i (t, js)

xi(t, js)

p(t, js)

Figure 8: Individual demand.

Finally, consider the inter-temporal aspect of the consumer problem. From equation (4.1) the utility

function is additively-separable and homothetic across time guaranteeing that consumption growth
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follows the Euler-Lagrange equation

9Xs
i ptq

Xs
i ptq

`
9µs

i ptq
µs

i ptq
“ rptq ´ ρ. (4.5)

which holds for both sectors s P S and consumer types i P tR, Pu.13

Firms and innovation

The economy contains two sectors s P S with Nsptq firms, respectively. To start production in s

an entrant has to invest a specific fixed cost of F̃sptq units of labor that deterministically yields

the blueprint to a new product. This is a product innovation. Having entered, the firm obtains an

infinite patent on the marketing of its product. Such a firm is a stage-one producer. Labor is the sole

production factor, the labor market is perfectly competitive and clears at wage wptq. Firms produce

at an increasing-returns-to-scale technology. The subsequent innovation pattern is sector-specific:

(i) m-sector: A new product has quality qm
h and requires high labor unit cost of ãm

h ptq. After a

successful product innovation, the firm has the option to undertake a process innovation that

cuts both the quality of the product and its cost. More precisely, I assume that after a further

investment of G̃mptq labor units, the product can also be supplied in lower quality qm
l ă qm

h

at cost ãm
l ptq ă ãm

h ptq such that the lower quality carries a higher quality-to-cost ratio qm
l

ãm
l ptq

ą

qm
h

ãm
h ptq

. I call a firm that has conducted such a process innovation a stage-two producer in the

m-sector. Denote the number of stage-two producers in this sector by Zmptq and its percentage

by zmptq ” Zmptq
Nmptq .

(ii) e-sector: A new product has quality qe
l and requires low labor unit cost of ãe

hptq. After a

successful product innovation, the firm has the option to conduct a quality upgrade elevating

quality at the same cost. More precisely, I assume that after a further investment of G̃eptq

labor units, the product can also be supplied in higher quality qe
h ą qe

l for the same cost ãe
hptq

as before. At the same time, it also becomes cheaper to produce the low quality qe
l , which

can now be supplied at low costs ãe
l ptq ă ãe

hptq. Crucially, quality to cost ratios are such that

13The Euler-Lagrange equation does not feature φ or 1´ φ. Consider the optimality condition ´
9λptq
λptq “ rptq ´ ρ. See

appendix A.1. Now, using the first-order conditions λiptq “
φ

µe
i ptqX

e
i ptq

, and therefore

´
9λiptq
λiptq

“ φ

«

9µe
i ptq

pµe
i ptqq

2Xe
i ptq

`
9Xe

i ptq
µe

i ptqpX
e
i ptqq

2

ff

„

φ

µe
i ptqX

e
i ptq

´1
“

9µe
i ptq

µe
i ptq

`
9Xe

i ptq
Xe

i ptq

which holds for both i P tR, Pu and mutatis mutandis for m. This result is driven by the separability of the utility function
in the two sectors which in turn comes from log-utility and Cobb-Douglas weighting. In the same way, one can get this
sector-independence if the inverse inter-temporal elasticity of substitution equals the elasticity of substitution between
goods (which is both unity for the log-Cobb-Douglas case, so trivially fulfilled).
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qe
l

ãe
l ptq

ą
qe

h
ãe

hptq
. I call a firm that has conducted such a quality upgrade a stage-two producer in the

e-sector. The number of stage-two producers is Zeptq and its percentage is zeptq ” Zeptq
Neptq .

This discussion illustrates the fundamental difference in the pattern of innovation between the sec-

tors. The assumption of two sectors can be made without loss of generality. In fact, it is straight-

forward to interpret the production sectors as separated undertakings by one firm, potentially even

over the same product, such that one can think of the ascending sector as the luxury or high-quality

line and the digressive sector as the mass or low-quality line of the same product line or product

family. Hence, the differentiation between e and m is a formal, not a conceptual one. The crucial

point is: In e, innovation is vertical and can be compared to a Schumpeterian growth model with

multi-quality firms (e.g. Latzer 2018). In m, however, quality innovation is digressive (e.g. Foellmi

et al. 2014). To put it in a more stylized way: In e a firm innovates by climbing up the quality ladder,

while in m it innovates by sliding down.

Prices

A consumer’s type is private information and firms cannot make inference about it. In a first-best

setting, firms would set prices such that us
i,k “ pu

s
i, kq

` “ 0 but under incomplete information they

can only achieve the second-best outcome. To do so, they resort to a non-linear pricing strategy. To

be more precise, the setting described leads to the classical problem of optimal non-linear monop-

olistic screening with hidden valuation as introduced by Mirrlees (1971). The basic intuition is the

following: A firm offers different schedules of qualities and prices as to maximize profits. From

these schedules consumers pick the one that maximizes their utility. For a profit-maximizing stage-

one producer, there are only two possible contracts that can be offered. In sector e, the first-stage

firm faces the choice of setting a price at the marginal willingness to pay of P-types and sell to the

entire market at qe
l µ

e
Pptq, or set a price qe

l µ
e
Rptq at the marginal willingness to pay of R-types and

exclude P-types from consuming a particular good. Similarly, for a firm in m, the choice is between

selling qm
h to the entire market or only to R. Monopolists choose the second option in both sectors if

and only if assumption 1 holds.

Assumption 1 (Income concentration). Assume parameters are such that

p1´ βqrqm
h µm

R ptq ´ ãm
h ptqwptqsL ě rq

m
h µm

P ptq ´ ãm
h ptqwptqsL,

p1´ βqrqe
l µ

e
Rptq ´ ãe

l ptqwptqsL ě rq
e
l µ

e
Pptq ´ ãe

l ptqwptqsL.
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So if the share of R-types is sufficiently large, firms set the price ps
1ptq at the marginal willingness

to pay of R-type consumers. Lemma 1 and assumption 1 imply that P-types are priced out of the

market for stage-one goods in both sectors. Pricing at marginal willingness to pay gives

pm
1 ptq “ qm

h µm
R ptq and pe

1ptq “ qe
l µ

e
Rptq. (4.6)

Second, a stage-two producer has two quality vintages at disposal. Here I draw on a result from

mechanism design, the revelation principle (Myerson 1981). Following from that it suffices to analyze

the firm’s problem for the contract (direct mechanism) that consumers truthfully choose (Mas-Colell

et al. 1995, p.868). Hence, I can restrict attention to a small set of contracts to be outlined below. As

the firm’s problem for a stage-two producer is perfectly symmetric, I only give the generic options

for sector s. In Appendix A.2 I analyze sufficient incentive compatibility and individual rationality

constraints for truth-telling to be a Bayes-Nash equilibrium. Under the revelation principle, a firm

essentially has the following pricing options: (i) serve R-types at qualities k P th, lu by setting prices

equal to µs
Rptqq

s
k and exclude P-types; (ii) pool independently of type and serve both types at the

marginal utility of P-types at one of the two qualities k P th, lu; or (iii) perfectly price-discriminate P-

types and allow R-types an information rent in the size of the relative quality increment to separate

the types. This third option deters R-types from mimicking P-types such that they self-select into

the high quality. Following Foellmi et al. (2014), I analyze a separating equilibrium where stage-two

firms in both sectors choose option (iii). Lemma 2 states the conditions under which this pricing

strategy is optimal.

Lemma 2. Monopolists choose separating pricing in s P S if and only if (i) qs
h´qs

l
qs

l
ps

1ptq ą ãs
hptq ´ ãs

l ptq, (ii)
qm

l
ãm

l ptq
ą

qm
h

ãm
h ptq

, piiiq ae
h ą ae

l , and (iv) the Spence-Mirrlees single-crossing condition qs
h ą qs

l is satisfied.

Proof. Appendix A.2.

To achieve this separation, the monopolist must allow R-types an information rent corresponding to

the quality increment. Let ps
l ptq denote the price for the low quality in s in stage two. Equivalently

let ps
hptq be the price for high quality. That is

ps
l ptq “ qs

l µ
s
Pptq and ps

hptq “ qs
l µ

s
Pptq ` pq

s
h ´ qs

l qµ
s
Rptq. (4.7)

The restriction to a separating equilibrium means that in sector m prices are such that rich consumers

purchase all Nmptq goods at quality qm
h and poor consumers only obtain the Zmptq goods that made

the process innovation at quality qm
l . In sector e, rich types consume the Zeptq goods that have
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reached stage two at quality qe
h and consume the remainder at qe

l . Consequently, poor types consume

Zeptq goods at quality qe
l and are priced out of all stage-one goods. Consumption is

Xm
R ptq “ qm

h Nmptq and Xe
Rptq “ qe

l rN
eptq ´ Zeptqs ` qe

hZeptq,

Xm
P ptq “ qm

l Zmptq and Xe
Pptq “ qe

l Zeptq. (4.8)

At this point a few comments are in order. First, if there is one quality the choice is between selling

only to the rich or selling to the entire market. The co-existence of multiple qualities in the market

is therefore due to firms attempting to screen heterogenous consumers. Second, for the purpose of

this thesis the source of heterogeneity is irrelevant. That is, whether an unequal distribution of labor

endowments or differing saving rates lead to unequal wealth distribution does not matter for firms’

incentives. It is, however, crucial to assume non-homothetic preferences. Under homothetic utility,

the only difference between R and P-types is the intensive margin of consumption while average

consumption as a fraction of income as well as consumption variety are identical. The assump-

tion of binary preferences in turn reduces the complexity in consumer choice. Third, allowing for

differing consumption baskets between types yields an incentive for product innovation whereas

allowing for different quality motivates process and quality innovation.

R&D-timing and labor markets

Entry into the R&D sector is free. Innovators make zero economic profits in equilibrium. Inventing

a new firm is attractive if the present value of future cash flows offsets the initial R&D cost of F̃sptq

labor units or wptqF̃sptq units of output. Having entered the market, a firm realizes the stage-two

innovation if the present value of innovation exceeds its cost wptqG̃sptq. Present value and cost

depend on the timing of the innovation. It is attractive for a firm to postpone an innovation because

fixed costs are inversely proportional to the aggregate stock of technology, Aptq. That is, F̃sptq “ Fs

Aptq

and G̃sptq “ Gs

Aptq . Let ∆pjsq denote the point in time when a stage-one producer moves to stage two.

One might think of ∆pjsq as the lifetime of a stage-one firm in sector s. Moreover, let π1pt, jsq and

π2pt, jsq denote profits of some firm js in stages one and two. Firms solve for the present value

Vpjsq “ sup
∆pjsq

»

—

–

∆pjsq
ż

0

π1pt, jsqe´Rptqdt`

8
ż

∆pjsq

π2pt, jsqe´Rptqdt´wptqG̃sptqe´Rr∆pjsqs

fi

ffi

fl

. (4.9)

As firms are homogenous within a sector, all choose the same ∆pjsq. Finally, I discuss the aggregate

resource constraint in the economy. The labor market is perfectly competitive, so the economy’s
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resources are at capacity L. Labor is employed in R&D where 9NsptqF̃sptq and 9ZsptqG̃sptq units of

labor are being used for producing stage-one and stage-two products, respectively. Moreover, labor

is needed for the production of high- and low-quality output Ys
k ptq with k P th, lu. The associated

labor costs are Ys
k ptqã

s
kptq. The aggregate resource constraint is

ÿ

sPS

9NsptqF̃sptq `
ÿ

sPS

9ZsptqG̃sptq `
ÿ

sPS

ÿ

@k

Ys
k ptqã

s
kptq ď L.

Technical progress is driven by product, process and quality innovation. Endogenous growth is

achieved by knowledge spillovers from past research activities on current productivity levels. I

assume that not only fixed costs but all labor requirements are inversely related to the stock of

technology generating the desired increasing returns to technology, so ãs
kptq “

as
k

Aptq . Hence, one can

rewrite the resource constraint as

ÿ

sPS

9NsptqFs `
ÿ

sPS

9ZsptqGs `
ÿ

sPS

ÿ

@k

Ys
k ptqa

s
k ď AptqL. (4.10)

Now it becomes apparent that an increase in Aptq directly expands the feasible set of labor alloca-

tions (the production possibility frontier). The stock of technology is linked to product, quality, and

process innovations via a spillover function Ψ : R4
`` Ñ R`` where

Aptq “ Ψ rtNsptq, ZsptqusPSs . (4.11)

To generate balanced growth, the stock of knowledge Aptq needs to be a linearly homogeneous

function of the range of product varieties tNsptqusPS, and the subset of varieties that underwent

stage-two innovations, tZsptqusPS. Note that Ψp¨q need not be quasi-concave because it is not a

production function. I elaborate on the functional of (4.11) when deriving the equilibrium.

4.2 A purely-separating equilibrium

I now derive equilibrium. Recall lemma 2 and assumption 1 establish that the share of rich con-

sumers in the economy is sufficiently high such that firms separate types by pricing. That is, they

serve poor and rich consumers with different qualities and - if they have only one quality at their

disposal - sell exclusively to the rich. Hence, the equilibrium analyzed in this thesis is what I refer

to as a purely-separating balanced growth equilibrium (PSBGE). As the name implies, it is a balanced

growth equilibrium where all key variables grow at a common constant rate. Additionally, it is
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purely separating exactly because firms in both sectors separate in both stages.14

Definition 2 (Purely-separating balanced growth equilibrium). The economy is in a purely-separating

balanced growth equilibrium (PSBGE) if: piq all stage-one producers sell at prices given by (4.6) and all

stage-two producers sell at (4.7); piiq labor markets clear at wage wptq; piiiq the stock of technology Aptq,

the wage rate wptq, and the number of products in both sectors tNsptq, ZsptqusPS grow at the common and

constant growth rate of the aggregate stock of technology g ”
9Aptq

Aptq defined by (4.11), and consumption for

i P tR, Pu given by (4.8) grows at that rate as well; pivq the fraction of stage-two firms in each sector

tzsusPS “
!

Zsptq
Nsptq

)

sPS
P r0, 1s2 is constant; pvq tµs

i uiPtR,Pu,sPS are constant; pviq consumers’ saving rate is

constant and the wealth distribution is stationary at pβ, θq; and pviiq the real interest rate r is constant and

pinned down by g in (4.5).

To demonstrate the key mechanism of quality improvement in the most parsimonious setting, I im-

pose two symmetry conditions. The equilibrium derivations are algebraically somewhat involved.

Below I focus on the intuition. All calculations are in appendix A.3.

Derivations

To find equilibrium, I check that all seven requirements of definition 4.2 are fulfilled. I start by

exploiting property (ii): Both wages wptq and knowledge Aptq grow at the same rate g which is

why I define the wage per efficiency unit as the numeráire. Variable cost decrease with the stock of

technology such that labor unit costs are constant in equilibrium at as
k “

as
kwptq
Aptq . The same holds for

fixed cost at Fs “
Fswptq
Aptq and Gs “

Gswptq
Aptq . Moreover, from (v) it follows that in the PSBGE marginal

willingnesses to pay for all goods are constant, and therefore prices are constant as well. Given

(ii) and (v), firms’ profits are πs
1 “ p1´ βqpps

1 ´ as
hqL in stage one, and at πs

2 “ βpps
l ´ as

l qL` p1´

βqpps
h´ as

hqL in stage two. As there is free entry, there are no arbitrage opportunities. Hence, a firm’s

monopoly profit in any stage must equal the cost of attaining this monopoly. I denote the present

value of market entry by Vs
N , and the no-arbitrage condition in stage one reads Vs

N “
πs

1
r “ Fs. After

having entered the market, firms can conduct the stage-two innovation.15 The cost of this upgrade is

Gs and the additional flow of profits compared to staying a stage-one producer are πs
2´πs

1
r . Therefore,

14Apart from PSBGE, there might also exist other equilibria with pooling in one or both sectors or on the initial stage.
I relegate their discussion to appendix A.2 because only the PSBGE replicates the empirical regularities.

15Apart from the associated costs of becoming a stage-two producer, the value such of an innovation also depends
on its timing. The optimal timing of proceeding to stage two can be derived from the Hamilton-Jacobi-Bellman problem
(4.9) where the real interest rate is pinned down by consumers’ inter-temporal problem in (4.5). This is

Vs
Z “ max

∆s

»

–

∆s
ż

0

πs
1e´rtdt`

8
ż

∆s

πs
2e´rtdt´ Gse´r∆s

fi

fl .

As it turns out, the timing of a stage-two innovation on the balanced growth path is in-determined. See Foellmi et al.
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the no-arbitrage condition in stage two reads Vs
Z “

πs
2

r “ Fs ` Gs. At this point, let me impose the

first regularity condition that stipulates cost symmetry across sectors.

Assumption 2 (Cost symmetry). Let costs be symmetric across sectors by a scalar δ P R``. That is, fixed

costs are such that pFe, Fmq “ pδF, Fq and pGe, Gmq “ pδG, Gq. Variable costs are pae
h, ae

l q “ pa, bq and

pam
h , am

l q “
´

a
δ , b

δ

¯

where a ą b ą 0.

To illustrate this, suppose δ ą 1 such that market entry and unit costs are higher in e than in

m. Recall that sector e is characterized by vertical quality innovation. It can be thought of as an

exclusive sector that caters to luxury needs. Developing such products is expensive and requires

trained employees or a large time investment. And after having introduced them to the market,

firms incur high variable costs per unit. Conversely, think of m as the sector associated with process

innovation or mass production. Innovation happens by improving on production technology rather

than quality. Introducing a product in m is relatively cheap and unit costs are lower making them

more affordable. Hence, assumption 2 formalizes the notion that quality innovation predominantly

happens at the top end of the product range while process innovation is conducted on mass markets.

Returning to the derivations, cost symmetry and free entry imply that profits between the sectors are

scaled by the same factor as fixed costs, so πe
1 “ δπm

1 , and therefore stage-one prices are proportional

by the same wedge pe
1 “ δpm

1 . Equivalently, stage two profits are πe
2 “ δπm

2 . To infer stage-two prices,

the next assumption concerns product quality.

Assumption 3 (Symmetric quality increments). Let α P p0, 1q and γ P R`` and assume that qe
l “ k,

qe
h “ p1` αqk, qm

h “ γk, qm
l “ p1´ αqγk, and k “ 1.

Assumption 3 requires that the quality increments - that is, the percentage by which a firm can

change the quality of a product - be symmetric in both sectors. Conducting a quality upgrade in

sector e increases quality by α while a process innovation in m decreases quality by α relative to

the baseline level. This assumption simplifies the solvability of the model considerably. Using the

price setting rule in equation (4.7), assumption 3 implies that stage two prices for the high quality

are ps
h “ ps

l ` αps
1. Moreover, the second part of assumption 2 ensure that stage two prices are also

scaled by the wedge δ, so pe
l “ δpm

l and pe
h “ δpm

h . This collapses the set of prices from seven to

three; two for consumption goods ppm
1 , pm

l q, and the real wage (which is the numeráire). Prices are

set at marginal willingness to pay. The ratio of prices therefore reflects quality adjusted marginal

willingnesses to pay independent of the shadow value of wealth. I exploit this to find relative

(2014) for a discussion of an equivalent HJB-problem. However, this is not a concern for equilibrium derivations because
free entry into R&D ensures that the value of a stage-two innovation has to satisfy the no-arbitrage condition.
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consumption as

µm
R

µe
R
“

pm
1 {q

m
h

pe
1{q

e
l
“

1
δγ
“

1´ φ

φ

Xe
Rptq

Xm
R ptq

and
µm

P
µe

P
“

pm
l {q

m
l

pe
l {q

e
l
“

1
p1´ αqδγ

“
1´ φ

φ

Xe
Pptq

Xm
P ptq

.

This yields an expression for the relative consumption bundles chosen by rich and poor con-

sumers as Xm
P ptq “

p1´αqp1´φqγδ
φ Xe

Pptq and Xm
R ptq “

p1´φqγδ
φ Xe

Pptq. In equilibrium, the set of prod-

ucts tNsptq, ZsptqusPS grows at rate g, so the percentages of stage-one-to-stage-two products tzsusPS

are constant. One can therefore plug (4.8) in the above equations to find zm “ 1
α

´

1´ 1´φ
φ n

¯

and

ze “ 1
α

´

φ
1´φ

1
n ´ 1

¯

. The next step is to determine zs. Monotonicity of the utility function and

optimality of the solution require that consumers’ budget constraints (4.4) be met. Moreover, re-

quirement (vi) states that pβ, θq describes the stationary wealth distribution. Hence, a R-type holds

a share 1´βθ
1´β of the wealth, while θ is held by a poor type. Consequently, R’s instantaneous income

is scaled up relative to P’s by 1´βθ
p1´βqθ . From (4.8) consumption bundles are known. Taking the ratio

of P’s and R’s budget constraints gives

1´ βθ

p1´ βqθ
“
rNeptq ´ Zeptqspe

1 ` Zeptqpe
h ` rN

mptq ´ Zmptqspm
1 ` Zmptqpm

h
Zeptqpe

l ` Zmptqpm
l

. (4.12)

Using the expressions for zs as well as the price function ps
h “ ps

l ` αps
1, this reduces to

1
1´ β

pm
l

pm
1
“

θ

1´ θ

„

1
zm ´ αφ´ p1´ αq



, (4.13)

depending on zm and ppm
1 , pm

l q. Via the no-arbitrage condition and the present values of innovation

pVs
N , Vs

Zq, one can express pm
l

pm
1

in terms of the real interest rate r. That is, use pm
1 “

rF
p1´βqL `

a
δ and

pm
l “

rG
L ` β b

δ ` p1´ αqp1´ βqpm
1 , and plug into (4.13) to obtain an equation depending on r and zm.

This gives

δGr` βbL
δFr` p1´ βqaL

“
θ

1´ θ

„

1
zm ´ αφ´

1´ α

θ



. (4.14)

For later use, I define the ratio of stage-two-to-stage-one prices as the right-hand side of (4.14)

χpzmq :“
θ

1´ θ

„

1
zm ´ αφ´

1´ α

θ



.

Notice that this price ratio can be thought of in terms of resources deployed in the production of

high and low quality: β b
δ L are total labor cost for the production of stage-two products in low
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quality, and G are the associated fixed cost of developing these products. Similarly, p1´ βq a
δ L are

total labor cost of producing high quality goods, and F are associated fixed costs. This ratio is the

same in both sectors because pm
l

pm
1
“

δpe
l

δpe
1

by the assumption of cost symmetry.16 Hence, the price ratio

inherently reflects the economy’s resource allocation between high and low quality output. Solving

this equation for r in terms of χpzmq gives

rpzmq “
χZpzmq ´

β
1´β

b
a

G
F ´ χZpzmq

¨
p1´ βqaL

δF
.

The last step is to express zm in terms of g. This is the solution to the intra-temporal problem. In

equilibrium, it indicates market clearing within each instant of time. To find the equilibrium ratio

zm in terms of g, I need to take a stance on the functional form of technological progress. Assume

that knowledge accumulates entirely through spillovers. For generating balanced growth, the stock

of technology Aptq needs to evolve via a homogenous function Ψ : R4
`` Ñ R`` of degree one in

the set of all products tNsptq, ZsptqusPS. The accumulation of knowledge follows a Cobb-Douglas

functional of

Aptq “ ψ rNeptqsζNe
rNmptqsζNm

rZeptqsζZ rZmptqs1´ζNm´ζNe´ζZ , (4.15)

where ttζNm , ζNe , ζZu P r0, 1s3|ζNm ` ζNe ` ζZ ď 1u, and ψ P R``. Given (4.15), the resource con-

straint pins down zm as a function of g and r. In the following, I discuss two polar cases: In section

4.3, Aptq evolves only through stage-two innovation, that is ζNe “ ζNm “ 0, and in section 4.4, Aptq

evolves only through stage-one innovation, that is ζNe ` ζNm “ 1. All cases where both stage-one

and stage-two innovation affect Aptq are (arbitrary) convex combinations of the polar cases.

4.3 Technical progress through quality and process innovation

I start with the case where quality and process innovation advance the stock of technology but

product innovation does not - so only second-stage innovation matters. Assume that ζNe “ ζNm “ 0

in (4.15), such that the equation reduces to

Aptq “ ψZ rZeptqsζZ rZmptqs1´ζZ , (4.16)

where ζZ P r0, 1s and ψZ P R``. I choose this parsimonious setting to isolate the comparative statics

effects of stage-two innovation from the (counteracting) impact of new firms entering the market.

16Cost symmetry is in fact a necessary condition to admit a closed-form solution of the model.
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Now using (4.16) to determine zm in terms of g yields a function χZpgq. The exact expression is

equation (A.17). As I have already mentioned in the preceding sections, concavity and separability

of the instantaneous utility function imply that the intra-temporal problem and the inter-temporal

problem are independent. Given this expression χZpgq, the solution to the intra-temporal problem

is

rR
Zpgq “

χZpgq ´
β

1´β
b
a

G
F ´ χZpgq

¨
p1´ βqaL

δF
, (4.17)

where χZ : G Ñ
´

G
F , β

1´β
b
a

¯

Ă R` is a function of g. The precise expression is (A.17). It equals the

ratio of stage-two and stage-one prices, pm
l

pm
1

, and hence the quality adjusted marginal willingnesses

to pay of R and P, pm
l

pm
1
“

qm
l µm

P
qm

h µm
R

. Subsequently I refer to (4.17) as the intra-temporal market clearing

line. Alternatively, because it also indicates full utilization of resources, I label it rR
Zpgq. Notice that

it is increasing and convex in the growth rate. I elaborate on the reason for this in section 4.4. Apart

from solving the consumer problem at every instant of time, (4.17) also reflects that consumers meet

their budget constraints with equality, the goods and the labor market clear, and all resources are

used up, which is why I refer to it as the resource curve rR
Zpgq. Besides the intra-temporal problem,

the inter-temporal problem is governed by the standard Euler-Lagrange equation. To see this, notice

that marginal willingnesses to pay are constant in equilibrium, that is, 9µs
i ptq

µs
i ptq
“ 0 for all s. Moreover,

by definition of the equilibrium, the number of products grows with rate g. Using this in (4.5) yields

rEpgq “ ρ` g. (4.18)

This is the standard Euler-Lagrange equation known from neoclassical growth, hence I label it

rEpgq. The growth rate in (4.18) is the usual difference between market discount r and subject

discount rate ρ. Equations (4.17) and (4.18) define a system of two equations in two unknowns -

the growth rate g and the real interest rate r - describing the economy. I show in proposition 2

that there exists an equilibrium characterized by these two equations. The intuition of the existence

proof is a simple intermediate value theorem. Under a weak parameter restriction, (4.17) is convexly

and monotonically increasing on the domain of the growth rate. The Euler-Lagrange equation is

increasing and affine. Figure 9 illustrates. There exists a unique equilibrium where the two market-

clearing curves intersect. This point is labeled E corresponding to the equilibrium tuple pg˚, r˚q.

Proposition 2 (Existence of equilibrium I). Technical progress follows (4.16). Let parameters satisfy lemma

2, assumption 5, and let β
1´β

b
a ą

G
F . Moreover, let ψZ P KZ and ρ P P. Then, the solution to the intra-
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temporal problem (4.17) is strictly increasing, continuous and strictly convex for all g P G “ r0, 1s with

boundary points 0 ă rR
Zp0q ă ρ and rR

Zpgq ´ 1 ą ρ. The solution to the inter-temporal problem rEpgq given

by (4.18) is strictly increasing, continuous and affine on R. Via the (Bolzano) intermediate value theorem

there exists a unique equilibrium growth rate g˚ P p0, 1q. It satisfies definition 2.

Proof. Appendix A.4.1.

g

r

ρ

rR
Z(0)

r∗

g∗

rE (g)
rR
Z (g)

E

Figure 9: Separating equilibrium with stage-two innovation.

I now proceed to analyzing the comparative static effects of changes in the demand-side structure of

the economy. Firms base their innovation decisions not only on consumer preferences, but also on

income distribution and the efficiency gain (loss) from innovation. Therefore, I discuss the effect of

a change in three key parameters: (i) Consumers’ taste for e-type products captured by an increase

in φ, (ii) a decrease in the income gap captured by an increase in θ, and (iii) a decrease in income

concentration captured by an increase in β.

Consumer tastes

Consider a change in consumer tastes, namely an increase in the elasticity of the utility aggregator

with respect to e-type goods. Increasing φ raises marginal utility from e-type goods while lowering

marginal utility for m. As the marginal willingness to pay rises in e, so do prices and it becomes

more lucrative for firms to enter. The number of products consumed, Xe
i ptq, increases. The reverse

is true in m. Formally, the effect on Xs
i ptq can be obtained using monotone comparative statics

as described by Milgrom & Shannon (1994).17 An increase in φ increases Xe
i ptq (and decreases

Xm
i ptq). The composition of consumption shifts. Consumers move consumption towards e and away

17It can easily be verified that the CES (Cobb-Douglas) utility aggregator is quasi-supermodular in the consumption
goods Xe

i ptq and the budget set is indeed a lattice. Hence, monotonicity is guaranteed.
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from m. For economic growth, there is an interesting implication. A shift towards more e-type

production has two effects: A positive one through the expansion in e, and a negative effect through

the contraction in m. The overall effect on the growth rate depends on the (relative) importance of

sectors e and m.

Proposition 3 (Consumer tastes). In the PSBGE described in definition 2 and proposition 2, stronger

preference for e-type goods captured by an increase in φ increases g if ζZ ą φ and decreases g if ζZ ă φ.

Growth is maximized at g˚˚ if ζZ “ φ.

Proof. Appendix A.4.2.

The effect is unambiguously positive if ζZ ą φ. Recall that ζZ is the elasticity of Aptq with respect to

Zeptq, the number of products that underwent a quality upgrade. Conversely, 1´ ζZ is the elasticity

of Aptq with respect to Zmptq, the number of products that underwent a process innovation. To

understand why the effect is positive if ζZ ą φ, a good heuristic is to think in terms of marginal

products of new goods in e and m: As described, increasing φ leads to a re-allocation of resources

from m to e. Now these resources are put to better use (they cause stronger spillovers) if the marginal

product of goods in the sector is high, that is if ζZ is high. Conversely, if ζZ is low relative to φ there

is already high production in e and the economy would gain in terms of spillovers from producing

more m-type products. A further increase in φ shifts even more resources away from m and thus

g

r

E

E′

E′′if φ > ζZ

if φ < ζZ

Figure 10: Increase in preference for e-type products (increase in φ).

reduces growth.18 Hence, growth decreases if φ ą ζZ. Naturally, both φ and ζZ cannot be chosen.

They are deep parameters of the economy. However, this particular implication of the model might

18There is a second part to this proposition that is a bit more subtle because it can be shown that an increase in φ not
only affects the percentage of stage-two firms zm and ze but also the relative sector size n. This can be done by applying
the total differential on (A.10) or (A.14).



J.I.Matt - Master Thesis in Economics 32

explain why some countries show high production in ineffective sectors, and do not reallocate re-

sources to production in more lucrative sectors with high marginal products. Figure 10 illustrates.

Finally, in light of this discussion, one can anticipate that growth is maximized at rate g˚˚ if ζZ “ φ.

This is in fact true, and I prove it in appendix A.4.2.

Price and market size effects

Firms’ incentives for innovation are affected by the economy’s distributional characteristics. Con-

sumers are ex-ante heterogenous with non-homothetic preferences, and they consume different

baskets of goods between them. A change in income distribution then affects demand and thus

production. Because of binary choice, consumers only choose at the extensive margin of consump-

tion and changes in income distribution do not channel through increasing quantities. That is,

changes in the income distribution channel solely through prices. Therefore, such a change in in-

come distribution fully affects the number of goods in each sector, the incentives to develop further

stage-two products and thus growth. The properties of the income distribution that characterizes

g

r

new rR -curve

E

E′

g

r

E

E′

E′′

Figure 11: Decrease in the income gap (increase in θ, left), and decrease in income concentration
(increase in β, right).

the economy are summarized in the tuple pβ, θq. A higher β implies that there are more poor and

less rich consumers holding the endowment θ constant. Income becomes more concentrated. Com-

mon measures of inequality such as the Gini index indicate an increase in inequality. Conversely,

an increase in θ raises the endowments of poor relative to rich consumers holding the share of

consumers constant. It therefore corresponds to a decrease in inequality. Whether a change in in-

equality fosters growth depends on two effects: The market size and the price effect. These two effects

emerge from the interplay of non-homothetic preferences and asymmetric distribution. On the one
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hand, the market size effect literally captures that firms make higher profits if the market is larger.

Clearly, it implies that a more equal distribution of income is favorable for innovation and growth.

On the other hand, there is the price effect. A very unequal distribution implies that the richest

consumers have a very high willingness to pay for new goods, so profit margins are comparably

high in the early phases of a product life. Inequality benefits growth. As described by Bertola et al.,

whether or not the price effect dominates the market size effect depends not only on the distribution

but also an innovator’s scope of price setting. If competition is strong, innovators’ market power

is small and the market size effect dominates. Conversely, if market power is high, the price effect

might prevail (2005, pp.276-7).

In the present model, an increase in θ has an unambiguously positive effect on growth. This

is because product innovations do not affect the stock of technology. If technical progress is based

on making products affordable to the masses and upgrading quality, then a smaller income gap is

good for growth. Notice that in this specification of technical progress, it does not matter whether

firms make new products available through quality or process innovation. However, if one would

set ζZ “ 1 (ζZ “ 0) then only quality (process) innovation would cause spillovers but nevertheless

firms would devote considerable resources to the respective other type of innovation because they

do not take into account the technological externality of their production. The effect of an increase

in θ will be weaker but still unambiguously positive. Different to that, for an increase in β, the total

effect remains ambiguous. A higher β reduces profits from selling to the rich in the stage two but

also increases profits from a larger market of poor consumers. Whether the market size or the price

effect dominates depends on the parameterization. Running a series of numerical simulations shows

that for an economy with a low share of poor consumers an increase might encourage growth. For

an already large share of poor consumers a further increase usually reduces growth but also might

entail a break-down of equilibrium if pooling becomes too attractive. Finally, in this numerical

exercise the effect of a change in the income concentration also depends on income gaps: If poor

consumer’s endowment is very low, an increase might discourage growth even if there are only few

poor types initially. Proposition 4 summarizes.
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Proposition 4 (Changes in inequality). In the PSBGE described in definition 2 and proposition 2, a smaller

income gap captured by an increase in θ increases growth while a lower income concentration captured by an

increase in β has an ambiguous effect.

Proof. Appendix A.4.3.

4.4 Technical progress through product innovation

Let me discuss the case where only product innovation drives growth. To be more specific, assume

that only e-type product innovation augments the stock of technology. Let ζNe “ 1 in (4.16) such

that neither quality innovation, process innovation nor product innovation in m cause spillovers.

Technological progress follows

Aptq “ ψNe Neptq, (4.19)

where ψNe P R`` is a weight or shifter.19 Given Aptq, equilibrium can be obtained along the same

lines as in the previous section. Since only the solution to the intra-temporal problem changes, the

two characterizing equations are (4.18) and

rR
Nepgq “

χNepgq ´ β
1´β

b
a

G
F ´ χNepgq

¨
p1´ βqaL

δF
, (4.20)

where χNe : G Ñ
´

G
F , β

1´β
b
a

¯

Ă R`` is a non-linear function in g that characterizes the price ratio

between stage one and two. Proposition 5 summarizes and figure 12 illustrates.

Proposition 5 (Existence of equilibrium II). Technical progress follows (4.19). Let parameters satisfy

lemma 2 and G
F ă

β
1´β

b
a . Moreover, let ψNe P KNe . Then, the solution to the intra-temporal problem (4.20)

is decreasing, continuous and strictly convex on G, and the solution to the inter-temporal problem (4.18) is

affine and strictly increasing on R``. For any 0 ă ρ ă rR
Nep0q a unique equilibrium exists via the (Bolzano)

intermediate value theorem. It satisfies definition 2.

Proof. Appendix A.4.4.

19An alternative specification would be to let the sum of products across both sectors add to the stock of technology.
This would stress the notion that spillovers are caused by product innovation rather than sector-specific knowledge.
Moreover, it would allow for the separation of stage-one and stage-two innovation. However, I choose to use the Cobb-
Douglas specification in (4.16) for three reasons. First, given that I discuss the cases where product innovation in m and e
as well as the case where stage-two innovation cause spillovers, it is straightforward to see that all other cases are convex
combinations. Setting the weights ζNm “ ζNe ‰ 0 implies equal weighing of the two spillovers from product innovation.
Second, inducing linearity in (4.16) would imply that the model is no longer solvable in the pg, rq-space. Additionally,
most of the comparative statics results would be driven by the linearity. For example, the critical determinant of spillovers
would then be ψNs relative to δ rather than the elasticities of accumulation. Third, in section 5 I sketch an extension to
unbalanced growth where only sector-specific knowledge reduces cost. For this extension, (4.19) is a nice benchmark.
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Figure 12: Separating equilibrium with stage-one innovation.

I have already mentioned above that the intra-temporal market-clearing condition is convex in-

creasing when growth follows stage-two innovation (equation rR
Zpgq in (4.17)) but convex decreasing

when growth follows from stage-one innovation (equation rR
Npgq in (4.20)). This seems surprising at

first glance. To phrase it differently, why are high real interest rates positively related to growth if

spillovers come from process and quality innovation but inversely related if they stem from product

innovation? The reason for this is not trivial to see and touches on the core mechanism of the model:

The behavior of the relative price function χp¨q. Let me illustrate via an example. Suppose there

is an increase in Zmptq implying a ceteris paribus increase in zm, the ratio of stage-one to stage-

two products. First, there is a demand effect which implies that an increase in zm is associated with

higher consumption of the poor. There is additional demand, and more employment in production

is needed to satisfy it. The economy’s resources are shifted towards production and away from

research. As less labor is available in R&D, the growth rate drops. Second, there is a productivity

effect. A higher zm implies more efficient production and therefore more resources are available for

innovation and growth. The effect of an increase in zm on the intra-temporal market clearing curve

are as follows: If technical progress follows stage-two innovation, the productivity effect is strong

and it offsets the demand effect.20 Stronger spillovers stimulate the economy and growth increases.

Holding inequality pβ, θq constant, it follows from (4.13) that pm
1 must rise.21 This ensures that the

no-arbitrage condition in stage one holds (keeping pβ, θq constant). Similarly, pm
l has to go up as

well, such that the stage-two arbitrage condition holds, but it does less so than pm
1 because part of

the increase in pm
1 feeds through pm

h as can be seen from (4.7).22 Hence, the relative price function

20Notice that it a situation where the demand effect eventually dominates arises if ζNe ` ζNm ą 0.
21Proposition 6 shows that pm

1 in fact goes up (and that it is not just the ratio pm
1

pm
l

going up).
22This is because the firm keeps R-types’ information rent constant.
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Figure 13: Behavior of the relative price function.

χZp¨q “
pm

l
pm

1
decreases in g. Conversely, if technical progress follows stage-one innovation, the pro-

ductivity effect from a higher zm is zero but the demand effect persists. The growth rate drops and

the relative price function has to decrease as well. Thus, χNep¨q increases in g. Now, for the behavior

of the real interest rate, suppose that there is an increase in r. Again to ensure that no arbitrage

opportunities can arise, pm
1 (and pm

l ) have to increase. By the same mechanism as before, if technical

progress follows stage-two innovation, the relative price χZp¨q has to drop, so growth rises. There-

fore g and r are positively related (the rR
Z-curve is upward-sloping). If technical progress follows

stage-one innovation, following an increase in the real interest rate, the relative price χNe drops and

growth falls. Therefore, g and r are negatively related (the rR
N-curve is downward-sloping). Figure

13 illustrates relative prices as a function of g for the case with only stage-one innovation (χNep¨q)

and only stage-two innovation (χZp¨q). The upper and lower bounds are given by the existence

condition G
F ă

β
1´β

b
a . Proposition 6 summarizes.

Proposition 6 (Behavior of the relative price function). Assume G
F ă

β
1´β

b
a . If technical progress follows

(4.16), no-arbitrage requires that χZp¨q decreases in g. In that case, rR
Zpgq increases in g. Conversely, if

technical progress follows (4.19), no-arbitrage requires that χNep¨q decreases in g. In that case, rR
Npgq decreases

in g.

Proof. Appendix A.4.5.
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Now let me turn to the comparative static effects of changes in the demand side in this new equi-

librium. These are somewhat different. First, the effect of an increase in θ is now negative, so a

smaller income gap reduces growth. It directly reduces the willingness to pay by R-types µs
R and

therefore discourages market entry in stage one. Firms conduct more stage-two innovation shifting

resources away from stage-one innovation. The externality from product innovation weakens and

growth rates fall. Intuitively, if innovation is based on catering to exclusive needs of a few affluent

consumers a more egalitarian society - measured by a smaller income gap - discourages growth.

Figure 14 illustrates. Second, for β the effect remains ambiguous. The reason is that the underlying

market and price effects are unaffected. The price effect still discourages entry into stage two while

the market size effect provides opposing incentives. The source of the growth externality does not

matter. Nevertheless, a negative effect of lower income concentration can emerge. This is because

product innovation targets new rich consumers. It can be shown that if the quality gap between

stage one and two is small, that is, if quality innovation and process innovation are less lucrative,

an increase in β can decrease growth. If income is less concentrated, entering the market becomes

less attractive and therefore growth slows down. Third, consider an increase in φ. If one assumes

that the quality gap between stages one and two is not unrealistically large (which is equivalent to

saying that the PSBGE exists), an increase in φ increases growth.23 This result is intuitive as well:

The elasticity of (4.19) with respect to e-type products is unity. Hence, there is no trade-off as in the

previous section. Proposition 7 summarizes.

g

r

E

E′

new rR -curve

g

r

E

E′

E′′

Figure 14: Decrease in the income gap (increase in θ, left), and decrease in income concentration
(increase in β, right).

23The conditions is αφ ă 1
2 . If this condition is not fulfilled it can be that for very large growth rates an increase in

φ has a negative effect on growth. This curious result emerges because if the quality gap α Ñ 1 in the limit stage-two
innovation would introduce products of quality zero. Obviously these products will not be purchased and hence there is
no reason for a firm to move to stage-two in the first place. Hence, αφ ą 1

2 is associated with breakdown of the PSBGE
and the emergence of a degenerate equilibrium.
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Proposition 7 (Comparative statics under stage-one innovation). In the PSBGE described in definition

2 and proposition 5, a smaller income gap captured by an increase in θ decreases growth while a lower income

concentration captured by an increase in β has an ambiguous effect. Moreover, stronger preference for e-type

goods captured by an increase φ increases growth.

Proof. Appendix A.4.6.

Before concluding this subsection, let me sketch the case where (4.16) follows only product innova-

tion in m, so ζNm “ 1, and

Aptq “ ψNm Nmptq.

where ψm P R``. In terms of the equilibrium derivations as well as predictions, this case is isomor-

phic to (4.19). The only difference is the comparative statics effect of a change in φ which is now

negative. The growth-maximizing sectoral weight would be φ “ 0 as one would expect. Finally, if

technical progress follows both m and e-type innovation, that is ttζNe , ζNmu P p0, 1q2|ζNe ` ζNm “ 1u,

one can generate the same pattern of falling and rising growth rates as a result of an increase in φ

as in the previous section. If φ ă ζNe the growth rate rises, and if φ ą ζNe it falls. However, in this

case the model is only solvable by numerical approximation.

4.5 Alternative equilibria

Until now I have not discussed the case of spillovers along sectoral lines. These are the cases when

(i) ζNe “ ζZ “ 0 or (ii) ζNe ` ζZ “ 1. The reason for this is that case (i) corresponds to Foellmi et al.

(2014) when the knowledge-accumulation function is Cobb-Douglas. Hence, my model nests the

model T-version. Case (ii) yields a Schumpeterian growth model with non-homothetic preferences,

horizontal and vertical innovation, and innovation depth one. All other cases where one or more

types of innovation affect the aggregate stock of technology can just be seen as convex combinations

of the two (three) polar cases that I have presented above. In particular, the overall strength of

market size and price effect will depend on the elasticity of the respective spillovers in the functional

form of the aggregate stock of technology (4.15). For example, a decrease in inequality through an

increase in θ will have a positive effect on growth if quality-innovation spillovers are strong and a

negative effect if product innovation dominates.

Another class of equilibria are those where the PSBGE does no longer hold. That is, there

exist other equilibria with pooling in one or multiple sectors and stages as well as degenerate
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equilibria where no stage-two innovation happens. I touch on these equilibria in appendix A.2

where I derive the parameter conditions on the PSBGE. For instance, if G is prohibitively high,

one can imagine a case where no second-stage innovation is conducted. In such a case, the model

becomes equivalent to a model with expanding product varieties such as Foellmi & Zweimueller

(2006). In such equilibria, higher inequality unambiguously increases growth. The reason why I do

not discuss these equilibria in detail is because only the PSBGE matches the pattern of luxury goods

becoming necessities over time that I have outlined in the section on empirical regularities.
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5 Beyond the core model

Quality growth

In the previous section I have assumed constant quality over time. As summarized in the section on

empirical regularities, the quality of products satisfying the same need grow over time. Early cars

or mobile phones were not only exclusive and affordable to a small subset of the population. They

were also of very low quality compared to the mobile phones and cars purchased by the general

population today. To account for quality growth I assume that quality at a point in time grows with

the stock of technology through some spillover, so qkpt, jsq “ qs
k Aptq “ qs

kegt for k P th, lu. Thus,

it is possible to account for a situation where the low quality of a product exceeds the initial high

quality after some time, that is, qlpt̂, jsq ą qhpt, jsq for t̂ ą t. As for balanced growth, µs
i q

s
k needs to be

constant, so one can define a de-trended marginal willingness to pay µ̂s
i and proceed as before. The

only difference is the Euler Lagrange equation where balanced growth now requires consumption

to grow at 2g instead of g. Hence the equilibrium interest rate is higher at r “ 2g` ρ.

Sectoral divergence

This extension covers sector-specific growth. Until now, the stock of technology was assumed to

be common cross sectors. Assume now, however, that knowledge becomes sector specific, so firms

can use insights from new mass products (m-sector) only for process innovation purposes or for

the development of new m-type products. Equivalently, in the quality sector (e-sector) the only

knowledge that can be used in R&D stems from past activities in e. For simplicity, assume that

technical progress depends only on stage-one innovation (product innovation), the sector specific

stock of knowledge evolves by

Asptq “ ψsNsptq @s P S, (5.1)

where ψs P R`. Let costs be inversely related to Asptq, so F̃sptq “ Fs

Asptq and equivalently for G̃sptq,

ãs
kptq with k P th, lu, and let the new numeráire be the efficiency wage in m. Thus, wptq

Amptq ” 1, and

therefore in e the efficiency wage is wptq
Aeptq “

Amptq
Aeptq . Let me denote the sector-specific growth rate as

gsptq “
9Asptq

Asptq and consider a simplified example. Assume that initial stocks of technology in sectors

s are normalized at unity Amp0q “ Aep0q “ 1, and that ψe “ 0 while ψm ą 0, so the mass production

sector becomes increasingly productive while the quality sector does not. This setting can formalize

the cost disease described by Baumol (1967). That is, there is a rise in wages and prices in a sector
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that has experienced low or no productivity growth in response to rising wages and prices in an-

other sector that has experienced high labor productivity growth. Given initial technology stocks

normalized to unity, the cost faced by a stage-one producer in e is given by ãe
hptqwptq “ ae

h Amptq.

Then, instantaneous profits in e are πe
1ptq “ p1´ βqrqe

l µ
e
Rptq ´ ae

h AmptqsL so the real variable cost

of production are growing in e with the same rate that they are falling in m (the growth rate of

Amptq). For the no-arbitrage condition to hold prices pe
1 “ qe

l µ
e
Rptq must be growing. This is not only

despite but because there is no productivity improvement. Relative to m, sector e becomes ever less

cost-efficient.

Structural change

This setting can be extended to allow for structural transformation of the economy. To do so, one has

to abandon the assumption of constant sectoral expenditure shares implied by the Cobb-Douglas

aggregator. A tractable way to allow for changing sectoral weights is introducing a CES-framework.

If consumption from both sectors enter the utility aggregator as complements, one can generate an

interesting pattern of structural change. Consider the following modification of equation (4.2):

Xiptq “
”

φrXe
i ptqs

σ´1
σ ` p1´ φqrXm

i ptqs
σ´1

σ

ı
σ

σ´1
, (5.2)

where the Cobb-Douglas aggregator in the main text can be obtained by letting the elasticity of

substitution σ Ñ 1. Now for the following discussion consider the case where σ ă 1.24 Taking

the relative price ratio pe
1ptq

pm
1 ptq

we know that drpe
1ptq{p

m
1 ptqs

dt ą 0. This implies that the expenditure share

attributed by rich and poor households towards m is decreasing. For example, let me define the

expenditure share of consumer of type R and P attributed to s-type products as

ηs
Rptq “

ps
1ptqN

sptq ` ps
hptqZ

sptq
IRptq

and ηs
Pptq “

ps
l ptqZ

sptq
IPptq

(5.3)

where the expenditure identity ηm
i ptq ` ηe

i ptq “ 1 has to hold for all t and i. It is straightforward to

show that in fact σ ă 1 implies decreasing expenditure shares for m-type products over time. For

instance, consider the relative expenditures between the two sectors, ηe
Pptq

ηm
P ptq

“
pe

l ptqZ
eptq

pm
l ptqZ

mptq . To isolate the

relative price effect (substitution effect) take the derivative with respect to relative prices

Brηe
Pptq{η

m
P ptqs

Brpe
l ptq{p

m
l ptqs

“
Zeptq
Zmptq

`
BrZeptq{Zmptqs
Brpe

l ptq{p
m
l ptqs

¨
pe

l ptq
pm

l ptq
“ p1´ σq

Zeptq
Zmptq

. (5.4)

24For illustrative purposes one might think of a Leontief-aggregator Xiptq “ min
!

φ
1´φ Xe

i ptq, Xm
i ptq

)

.
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Equation (5.4) is clearly positive if σ ă 1.25 For the growth path, since in general with CES-

aggregation the optimality conditions for both sectors are no longer independent, the aggregate

growth rate is now a weighted average of the sectoral growth rates - or equivalently a weighted

average of expenditure shares on products of each type.26 As the share of e-type products in the

budget grows, the growth rate of the economy asymptotically moves towards the growth rate in

e which is ge “ 0. Baumol’s cost disease leads to a halt in economic growth.27 Figure 15 illus-

t

ηs
i

ηe
i (0)

ηm
i (0)

1

ηe
i (t)

ηm
i (t)

Figure 15: Expenditure shares, asymmetric growth, and structural change.

trates the structural transformation. In order to reconcile structural change with balanced growth

on the aggregate, some special attention is needed. Boppart (2014) discusses the conditions under

which structural change is consistent with balanced growth using non-homothetic utility and PIGL.

Foellmi & Zweimueller (2008) rely on hierarchic preferences such that demand is asymptotically

non-homothetic while there is balanced growth. Finally, Comin et al. (2018) propose a specification

with a non-homothetic CES function. However, as argued in Alder et al. (2019), Comin et al.’s

preferences are not inter-temporally aggregable.

25σ “ ´
B lnrZeptq{Zmptqs
B lnrpe

l ptq{p
m
l ptqs

is a reduced-form measure of isoquant curvature. It is sometimes called the (inverse) Mor-
ishima elasticity of substitution (IME), and in general it need not be symmetric. Consider Comin et al. (2018, p.7) for
a discussion. From a mathematical point of view, IME requires some special attention under non-homothetic utility (or
non-homogenous production) functions. Yet, it is straightforward to define a pseudo Morishima elasticity in the same way.
This pseudo elasticity then corresponds to the IME whenever the degree of homogeneity is one (For a discussion consider
Baqaee & Farhi 2017, p.9).

26A way to generate sectoral independence is to modify the instantaneous utility in (4.1) by

Uip0q “ p1´ εq´1

8
ż

0

rXiptqs1´ε e´ρt dt,

to get the standard CRRA case. Sectoral independence can be obtained if one sets ε “ 1
σ .

27Note that for σ ą 1, the economy shifts resources away from the cost-inefficient sector e. It relies increasingly on
mass production. Growth accelerates until it asymptotically reaches the growth rate of productivity in m.
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Falling prices and expanding product portfolios

The final extension is a model with more than two types and qualities. It accounts for an increasing

number of products within each firm and simultaneously decreasing prices of given qualities. For

simplicity, set φ “ 0 (Model-T specification). Assume there is a set I “ p1, . . . , nq of discrete types

with distribution characterized by βi P p0, 1q and
řn

i“1 βi “ 1, and a vector of endowments ~θ “

pθ1, . . . , θnq with 0 ă θ1 ă ¨ ¨ ¨ ă θi ă ¨ ¨ ¨ ă θn´1 ă
1´

řn´1
i“1 βiθi

1´
řn´1

i“1 βi
“ θn.28 Firms enter the market as

before and sell the highest quality qK to the richest group of consumers. After having entered, there

is the possibility to conduct K ď n process innovations. Let ~q “ pqK, . . . , q1q be an ordered vector

of qualities with qK ą ¨ ¨ ¨ ą qk ą ¨ ¨ ¨ ą q1 and k P t1, . . . , Ku. The associated cost vector is ~a such

that qK
aK
ă ¨ ¨ ¨ ă

q1
a1

implying that efficiency improves with every step. Marginal willingnesses to

pay are µ1 ă ¨ ¨ ¨ ă µi ă ¨ ¨ ¨ ă µn by lemma 1. Moreover, assume that the shares of types are such
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Figure 16: Falling prices and expanding product portfolios.

that separating is profitable in every stage, that is for example, if a firm has two qualities K and

K´ 1 available, it sells the highest to type n and the other to n´ 1 while pricing all other types out

of the market. For every new quality the monopolist introduces, the information rent attributed

to higher types increases. For instance, suppose that the economy has the three highest qualities

tK, K´ 1, K´ 2u available. Comparing prices between the stages gives

qKµn ą qK´1µn´1 ` pqK ´ qK´1qµn ą qK´2µn´2 ` pqK´1 ´ qK´2qµn´1 ` pqK ´ qK´1qµn.

which can be shown to be true by lemma 1 and µ1 ă ¨ ¨ ¨ ă µi ă ¨ ¨ ¨ ă µn. Interpreting different

qualities as distinct (perfectly substitutable) products, the set of products supplied by each firm

expands and the price for a product of given quality decreases over time as new vintages arrive.

28Foellmi & Zweimueller (2017) discuss a similar model with a continuum of types.
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6 Discussion

6.1 Accounting for empirical regularities

The first empirical regularity is that the number of products supplied by a firm is increasing in its lifetime,

and the number of firms increases over time. This is in fact the case. In the PSBGE, the number of firms

increases at constant rate g through horizontal innovation. For each firm, the number of qualities

is restricted to two but if one interprets qualities as sufficiently different products, the number

of products is expanding in a firm’s lifetime. This restriction to two qualities is without loss of

generality. As illustrated in the extension, the setup can be generalized for K qualities. Moreover,

regarding the expanding set of products by firms, recall that the sector separation is a formal not a

conceptual one. In particular, if aggregation is Cobb-Douglas such that the elasticity of substitution

is one and qualities are qm
h “ qe

l (that is γ “ 1), one might as well interpret the setup as admitting a

firm to supply two different product lines (e and m) of the same product family.

Additionally, the evidence suggests that many products are initially only affordable to affluent con-

sumers before they become broadly available through quality innovation or mass production. Match-

ing these observation in facts (ii) and (iii) is the reason why I introduce the PSBGE (and the necessary

parameter restrictions). If the share of rich households is sufficiently high, firms will price poorer

consumers out of the market for new products and later conduct a process or quality innovation to

appropriate the idle surplus. Note that the symmetry of the timing problem in (4.9) implies that

the product cycle (the timing of an innovation) remains in-determined. Introducing asymmetries

either through learning-by-doing (supply-side) or hierarchic preferences (demand-side) can yield

deterministic product cycles (Foellmi et al. 2014). This offers a pathway to matching empirical

regularities of the product cycle with a quantitative model.

Regardless of the indeterminacy of the product cycle, the model qualitatively captures that the

price for a product of a given quality is decreasing over time holding quality constant. Different to the

conjecture by Argente et al. (2019, p.15), however, it is not consumer tastes for newness that cause

decreasing prices. Rather, prices decrease because monopolists appropriate higher information rents

to wealthy types in order to keep them from mimicking. Again, this becomes particularly apparent

in the extension to multiple qualities.29

The final empirical regularity poses that for the majority of products quality increases over time such

29Given that prices decrease with the information rent, so do profits on the balanced growth path (holding quality
constant). This is because costs in efficiency units are constant while with every new version (quality) of an existing
product, the price effect eats away part of a firm’s margin on the higher (more luxurious) qualities.
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that even the most inferior product eventually surpasses the initial luxury product. This can be

achieved by including a simple trend in the quality level through a spillover. For firms’ innovation

decisions, a trend in quality does not change incentives - which is why I have abstracted from it.

6.2 Mechanisms of the model

Innovation within each firm is driven by the surplus appropriation effect. Firms introduce new quali-

ties of existing products to price-discriminate consumers based on their income (wealth). Whether

a firm relies on process or quality innovation does not matter insofar as incentives to innovate are

determined by the market size effect and the price effect. In particular, asymmetric information

implies that by widening the market, the firm forgoes part of its profits from rich consumers in

favor of selling to a wider market. However, if the surplus appropriation effect drives intra-firm

innovation, what is the conceptual difference between quality and process innovation?

First, the two innovations place different restrictions on implementability and hence on firms’

price-setting behavior. Recall that with a process innovation, marginal costs need to decrease more

than quality such that qm
l

am
l
ą

qm
h

am
h

. For sector m, moving to stage-two implies that the fraction of

goods produced in low quality put less pressure on the economy’s resources than the high-quality

production. There are productivity gains but they are limited to the low quality. For sector e,

however, there is a productivity improvement inherent in the production of both qualities. In stage

one the quality-to-cost ratio is qe
l

ae
h
, but in stage two it is qe

h
ae

h
ą

qe
l

ae
h

and qe
l

ae
l
ą

qe
h

ae
h
. This is because quality

innovation entails a process innovation in this model. If this were not the case, there would not

exist a separating equilibrium. That is, if it is optimal to price out poor types of the market in stage

one where the monopolist manufactures qe
l

ae
h
, it surely will be the case as well in stage two where qe

h
ae

h
.

Thus, if quality innovation does not induce cost savings in the production of the low quality, it may

never become affordable to poor consumers.

Second, process and quality innovation have different implications for resource utilization. For

firms conducting process innovations, costs have to fall at a higher rate than quality while for firms

conducting quality upgrading, quality has to grow faster than costs. If one only focuses on the

quality-to-cost ratio as the main driver to innovation, there is still some isomorphism between the

types of innovation in this model. However, in terms of the resource utilization, e is more efficient

than m. Quality innovation implies an efficiency gain for both products while process innovation

only does so for the low quality.30

30The standard vertical growth model, process innovation (reduction in marginal costs) is passed through to prices
through a falling mark-up. In my model, it is again the price-discrimination behavior that is responsible for falling prices.
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7 Conclusion

I study a long-run growth model with non-homothetic preferences and demand-side inequality

that induces innovation along three dimensions: Firms undertake product innovation to enter the

market, they improve upon the production process of existing products, or they upgrade their

quality. Unlike in models of quasi-homothetic preferences, process and quality innovation are no

longer isomorphic, and the demand side dictates incentives to innovate. If economic growth is

mainly driven by quality or process innovation, a lower income gap encourages growth while a

higher income concentration has an ambiguous effect. If the economy relies on product innovation, a

higher income gap has positive effects. Finally, the model accounts for a set of empirical regularities:

(i) many products are initially only affordable to affluent consumers and then become more broadly

affordable either through process or quality innovation, (ii) product cycles are characterized by

decreasing prices, (iii) the variety of products is expanding in a firms lifetime, and (iv) the average

quality of products satisfying a particular need increases over time. The model lends itself to

the study of structural change, mass production, and endogenous product cycles. In particular,

developing a model of structural change with quality and process innovation seems a promising

route for future research.
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A Mathematical appendix

A.1 Consumer optimization

In this appendix, I discuss the consumer’s problem in more general form. In particular, assume that

the instantaneous utility is no longer binary but some function vp¨q of the HARA class as specified

in (3.3). I show how to obtain the optimality conditions in the text. It follows Seierstad & Sydsaeter

(1987, p.362-3). Consumer i maximizes

Uip0q “

8
ż

0

»

—

–

φ ln

¨

˚

˝

Neptq
ż

0

vrxipt, jeqqipt, jeqsdje

˛

‹

‚

` p1´ φq ln

¨

˚

˝

Nmptq
ż

0

vrxipt, jmqqipt, jmqsdjm

˛

‹

‚

fi

ffi

fl

e´ρtdt,

subject to the non-negativity constraint xipt, jsq ě 0 @js, t, s and the inter-temporal budget constraint
ş8

0 Eiptqe´Rptqdt ď vip0q `
ş8

0 θiwptqe´Rptqdt, where Eiptq “
ř

sPS

şNsptq
0 ppt, js, qs

i qxipt, jsqdjs corresponds

to total expenditure as on the right-hand side of (4.4). For P one needs to use θP “ θ and for R one

needs θR “
1´βθ
1´β . Additionally, impose the no-Ponzi-game condition lim

tÑ8
expr´Rptqsvptq ě 0 on the

inter-temporal budget constraint. The first-order conditions with respect to xipt, jsq are

e´ρt φv1p¨q
Xe

i ptq
qipt, jeq ´Λie´Rptqppt, jeq ` ϑpt, jeq “ 0 @je, t,

e´ρt p1´ φqv1p¨q
Xm

i ptq
qipt, jmq ´Λie´Rptqppt, jmq ` ϑpt, jmq “ 0 @jm, t,

where Λi denotes the present value Lagrange multiplier on the inter-temporal budget constraint,

and ϑpt, jsq the Lagrange multiplier on the non-negativity constraints. Note that the current value

multiplier (shadow value of wealth) is λiptq “ Λi expr´Rptq ` ρts. Clearly, ϑpt, jsq ě 0 by comple-

mentary slackness. Moreover, the derivative of the HARA subutility is v1p¨q “
`Ξx

σ ´ x̄
˘´σ

as in (3.3).

Now I can use the fact that binary preferences limit the HARA class for x̄ “ ´1, Ξ “ ´σ and σ Ñ8.

Evaluating at v1p0q ” v1p1q ´ v1p0q, the optimality conditions in the text can be obtained (exploiting

there are only two qualities). That is,

φ

λiptqXe
i ptq

qipt, jeq ´ ppt, jeq ě 0 @je, t,

1´ φ

λiptqXm
i ptq

qipt, jmq ´ ppt, jmq ě 0 @jm, t.

Now define µe
i ptq ”

φ
λiptqXe

i ptq
qipt, jeq and µm

i ptq ”
1´φ

λiptqXm
i ptq

qipt, jmq for types i P tR, Pu. Finally for the

Euler equation (4.5), differentiate the present value multiplier Λi “ λiptq exprRptq ´ ρts with respect



J.I.Matt - Master Thesis in Economics v

to time to get ´
9λptq
λptq “ rptq ´ ρ. Using λiptq “

φ
µe

i ptqX
e
i ptq

, and therefore

´
9λiptq
λiptq

“

φ

„

9µe
i ptq

pµe
i ptqq

2Xe
i ptq
`

9Xe
i ptq

µe
i ptqpX

e
i ptqq

2



φ
µe

i ptqX
e
i ptq

“
9µe

i ptq
µe

i ptq
`

9Xe
i ptq

Xe
i ptq

“ rptq ´ ρ

which holds mutatis mutandis for m and obviously for both i P tR, Pu. Notice that the Euler-Lagrange

equation is sector-specific and does not feature any weights φ or 1´ φ. This is because the inverse

inter-temporal elasticity of substitution equals the rate of substitution between sectors.31 Finally,

the conditions above are in fact sufficient. The budget set is closed and bounded from above and

below, hence compact by Heine-Borel. The objective is upper-semicontinuous, (strictly) concave and

increasing. By Weierstrass’ theorem a unique maximum exists.

A.2 Existence

The following proof is equivalent to Bolton & Dewatripont (2005). Let me first show equilibrium

existence in m. Recall that wptq
Aptq “ 1 is the numeráire. First, a stage-one firm chooses between only

selling to R or pooling. Assumption 1 requires p1´ βqpqm
h µm

R ´ am
h q ě qm

h µm
P ´ am

h . Rearranging gives

pµm
R ´ µm

P q ` β
am

h
qm

h
ě βµm

R

p1´ βqµm
R qm

h ě
qm

h
qm

l
µm

P qm
l ´ βam

h . (A.1)

Second, by the revelation principle a stage-two firm’s program reads

pPq max
ppm

h ,pm
l q
tβppm

l ´ am
l qL` p1´ βqppm

h ´ am
h qLu

s.t. (IR.1) pm
h ď qm

h µm
R

(IR.2) pm
l ď qm

l µm
P

(IC.1) pm
h ´ µm

R qm
h ď pm

l ´ qm
l µm

R

(IC.2) pm
l ´ qm

l µm
P ď pm

h ´ qm
h µm

P .

31To see this consider the specification

Uip0q “ p1´ εq´1

ż

8

0
expp´ρtq

ˆ

”

φXe
i ptq

σ´1
σ ` p1´ φqXm

i ptq
σ´1

σ

ı
σ

σ´1
˙1´ε

dt

where utility is CRRA and the sectoral aggregator is CES. Setting 1
σ “ ε gives sector-independence, and 1

σ “ ε “ 1 is the
case in this thesis.
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(IR.1) and (IR.2) are individual rationality constraints and (IC.1) and (IC.2) are incentive compat-

ibility constraints that ensure self-selection into the separating equilibrium. Now, consider the

recursive solution strategy: (IR.2) must be active otherwise firms could increase profits from P with-

out encouraging R to mimic P. But then (IC.1) must be active, too. Otherwise a firm could increase

profits without violating (IR.1) and (IC.2). This implies together with µm
R ą µm

P that qm
h µm

R ´ pm
h ě

qm
l µm

R ´ pm
l ą qm

l µm
P “ 0 and therefore qm

h µm
R ´ pm

h ą 0, so (IR.1) is slack. But then (IC.2) cannot be

binding either. To see this, rewrite the binding (IC.1) as pm
h ´ pm

l “ pqm
h ´ qm

l qµ
m
R ą pqm

h ´ qm
l qµ

m
P

which is obviously true as µm
R ą µm

P . The constraint set on problem (P) is therefore a subset of a

constraint problem (P1) where only (IR.2) and (IC.1) constrain the objective. The reduced program

reads

pP1q max
ppm

h ,pm
l q
tβppm

l ´ am
l qL` p1´ βqppm

h ´ am
h qLu

s.t. (IR.2) pm
l ď qm

l µm
P

(IC.1) pm
h ´ µm

R qm
h ď pm

l ´ qm
l µm

R .

Setting up the virtual surplus equation confirms that this problem is indeed strictly concave (affine)

on the constraint set defined by (IR.2) and (IC.1). Moreover, it is also closed and bounded from

above and below, hence compact by the Heine-Borel theorem. Via Weierstrass’ (extreme value)

theorem a unique maximum exists and the Karush-Kuhn-Tucker conditions yield both necessary

and sufficient condition for a maximum. Solving the Lagrangian problem yields prices (4.7). I refer

to Bolton & Dewatripont (2005) for the steps. The final step is to prove that a stage-two producer

does not want to choose a strategy other than separating pricing. First, note that µm
R ą µm

P implies

that a firm can never sell l to R while selling h to P. Second, I denote the profits of the remaining

alternative options by πk,k where the first subscript refers to the quality sold to R and the second to

P. These options are:

(i) Serve R-types at quality h by setting prices equal to µm
R ptqq

m
h and exclude P-types; Profits are

πh,0 “ p1´ βqpqm
h µm

R ´ am
h qL.

(ii) Serve R-types at quality l by setting prices equal to µm
R ptqq

m
l and exclude P-types; Profits are

πl,0 “ p1´ βqpqm
l µm

R ´ am
l qL.

(iii) Serve both types at the marginal utility of P-types at quality h; Profits are πh,h “ pqm
h µm

P ´ am
h qL.

(iv) Serve both types at the marginal utility of P-types at quality l; Profits are πl,l “ pqm
l µm

P ´ am
l qL.



J.I.Matt - Master Thesis in Economics vii

These pricing options translate into the following set of inequalities:

βppm
l ´ am

l q ` p1´ βqppm
h ´ am

h q ą p1´ βqppm
1 ´ am

h q

βppm
l ´ am

l q ` p1´ βqppm
h ´ am

h q ą p1´ βqpqm
l µm

R ´ am
l q

βppm
l ´ am

l q ` p1´ βqppm
h ´ am

h q ą qm
h µm

P ´ am
h

βppm
l ´ am

l q ` p1´ βqppm
h ´ am

h q ą qm
l µm

P ´ am
l .

Notice that in equilibrium one can replace pm
h “ pm

l `
qm

h ´qm
l

qm
h

pm
1 . The last two inequalities are easy to

check. Because of (A.1) pooling is not optimal on stage one. It is therefore never optimal in stage

two. Hence, the last two inequalities hold given assumption 1. For the first inequality, rewriting the

constraint gives

βppm
l ´ am

l q ` p1´ βqppm
h ´ am

h q ą p1´ βqppm
1 ´ am

h q

βppm
l ´ am

l q ` p1´ βq

„

pm
l `

qm
h ´ qm

l
qm

h
pm

1 ´ am
h



ą p1´ βqppm
1 ´ am

h q

pm
l ´ p1´ βq

qm
l

qm
h

pm
1 ´ βam

l ą 0,

and for the second inequality,

βppm
l ´ am

l qL` p1´ βqppm
h ´ am

h q ą p1´ βqpqm
l µm

R ´ am
l q

qm
h ´ qm

l
qm

h
pm

1 ą am
h ´ am

l .

Hence, one obtains two additional constraints. And the full set of conditions is

p1´ βqpm
1 ´

qm
h

qm
l

pm
l ` βam

h ą 0 (A.2)

pm
l ´ p1´ βq

qm
l

qm
h

pm
1 ´ βam

l ą 0 (A.3)

qm
h ´ qm

l
qm

h
pm

1 ą am
h ´ am

l . (A.4)

Now equations (A.2) and (A.3) can be written as

p1´ βq
qm

l
qm

h
pm

1 ` βam
l ă pm

l ă
qm

l
qm

h
p1´ βqpm

1 ` β
qh

l
qm

h
am

h

qm
h

am
h
ă

qm
l

am
l

(A.5)
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Now for sector e, the proof works mutatis mutandis. Notice that in stage one separation requires

that p1´ βqpqe
l µ

e
R ´ ae

l q ą qe
l µ

e
P ´ ae

l . Crucially in stage two, the cost of producing quality h increases

as well as the quality. The program for a stage-two firm in e is therefore exactly the same as for a

stage-two firm in m. The profit constraints are

βpqe
l µ

e
P ´ ae

l q ` p1´ βqrqe
l µ

e
P ` pq

e
h ´ qe

l qµ
e
R ´ ae

hs ą p1´ βqpµe
Rqe

h ´ ae
hq

βpqe
l µ

e
P ´ ae

l q ` p1´ βqrqe
l µ

e
P ` pq

e
h ´ qe

l qµ
e
R ´ ae

hs ą p1´ βqpqe
l µ

e
R ´ ae

l q

βpqe
l µ

e
P ´ ae

l q ` p1´ βqrqe
l µ

e
P ` pq

e
h ´ qe

l qµ
e
R ´ ae

hs ą qe
hµe

P ´ ae
h

βpqe
l µ

e
P ´ ae

l q ` p1´ βqrqe
l µ

e
P ` pq

e
h ´ qe

l qµ
e
R ´ ae

hs ą qe
l µ

e
P ´ ae

l .

Condition one is fulfilled if

qe
l µ

e
P ´ βae

l ą p1´ βqqe
l µ

e
R

pe
l ´ p1´ βqpe

1 ´ βae
l ą 0.

Given that this inequality holds,32 the second condition can be characterized by p1´ βqpµe
Rqe

h´ ae
hq ą

p1´ βqpqe
l µ

e
R ´ ae

l q which is true if

qe
h ´ qe

l
qe

l
pe

1 ą ae
h ´ ae

l

and therefore by transitivity parameters fulfill the second inequality as well. As above options (iii)

and (iv) can be ruled out because pooling is never optimal. So, the existence conditions are

p1´ βqpe
1 ´ pe

l ` βae
h ą 0 (A.6)

pe
l ´ p1´ βqpe

1 ´ βae
l ą 0 (A.7)

qe
h ´ qe

l
qe

l
pe

1 ą ae
h ´ ae

l . (A.8)

And as above, (A.6) and (A.7) can be condensed to ae
h ą ae

l . Therefore I have derived the full set

of conditions for the existence of a separating equilibrium. For completeness, it is known form

mechanism design that the Spence-Mirrlees single crossing condition must be satisfied. This is the

case if qh ą ql (Bolton & Dewatripont 2005). Lemma 2 summarizes.

32Notice that if pe
l ´p1´ βqpe

1´ βae
l ą 0 this implies βpqe

l µe
P´ ae

l q`p1´ βqrqe
l µe

P`pq
e
h´ qe

l qµ
e
R´ ae

hs ą p1´ βqpµe
Rqe

h´ ae
hq



J.I.Matt - Master Thesis in Economics ix

A.3 Equilibrium derivation

Starting with the the intra-temporal problem, I derive (4.17). Stage one profits are

πe
1 “ p1´ βq ppe

1 ´ aq L “ δrF and πm
1 “ p1´ βq

´

pm
1 ´

a
δ

¯

L “ rF. (A.9)

From assumption 2 costs are Fe “ δFm “ δF. Then, δπm
1 “ δrF “ πe

1 and thus δpm
1 “ pe

1. Prices in

stage one are (4.6). Using this with assumption 3 gives δµm
R γ “ µe

R. From the optimality conditions,

the ratios of marginal willingnesses are µe
i ptq ”

φ
λiptqXe

i ptq
and µm

i ptq ”
1´φ

λiptqXm
i ptq

. Note that λiptq is

independent of s. Therefore, for the (constant) marginal willingnesses of R-types one gets

µm
R

µe
R
“

1
δγ
“

1´ φ

φ

Xe
Rptq

Xm
R ptq

ô Xe
Rptq “

φ

p1´ φqδγ
Xm

R ptq.

Plug in (4.8) and replace qualities as specified in assumption 3 to get

p1` αqkZeptq ` rNeptq ´ Zeptqsk “
φ

p1´ φqδγ
γkNmptq ô ze “

1
α

„

φ

p1´ φqδ

1
n
´ 1



, (A.10)

where pn, zeq “
´

Neptq
Nmptq ,

Zeptq
Neptq

¯

. Given (A.10), proceed to stage-two profits and prices. These are

πe
2 “ βppe

l ´ bqL` p1´ βqppe
h ´ aqL “ δrpF` Gq

πm
2 “ β

ˆ

pm
l ´

b
δ

˙

L` p1´ βq
´

pm
h ´

a
δ

¯

L “ rpF` Gq. (A.11)

Multiplying πm
2 by δ and equating gives

βppe
l ´ aq ` p1´ βqppe

h ´ aq “ δβ
´

pm
l ´

a
δ

¯

` δp1´ βq
´

pm
h ´

a
δ

¯

βpe
l ` p1´ βqpe

h “ δβpm
l ` δp1´ βqpm

h . (A.12)

Stage-two prices are defined in (4.7). Plugging quality increments from assumption 3 into pricing

equation gives an expression for ps
h in terms of pps

1, ps
l q. Moreover, from above one can replace pe

1

with δpm
1 . Price equations are

pe
h “ pe

l `

ˆ

qe
h ´ qe

l
qe

l

˙

qe
l µ

e
R “ pe

l `

ˆ

p1` αqk´ k
k

˙

qe
hµe

R “ pe
l ` αpe

1 “ pe
l ` αδpm

1

pm
h “ pm

l `

ˆ

qm
h ´ qm

l
qm

h

˙

qm
h µm

R “ pm
l `

ˆ

γk´ p1´ αqγk
γk

˙

qm
h µm

R “ pm
l ` αpm

1 . (A.13)
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Plugging prices into (A.12) gives

pe
l ` αp1´ βqδpm

1 “ δpm
l ` αp1´ βqδpm

1 ,

and therefore pe
l “ δpm

l . Go back to the ratios of marginal willingness to pay, now for P. Prices are

again set at µe
i ptq ”

φ
λiptqXe

i ptq
in e and µm

i ptq ”
1´φ

λiptqXm
i ptq

in m., so pm
l “ γp1´ αqkµm

P and pe
l “ kµe

P.

Plugging in as above renders

µm
P

µe
P
“

1
γp1´ αqδ

“
1´ φ

φ

Xe
Pptq

Xm
P ptq

ô qm
l Zmptq “

p1´ φqp1´ αqγδ

φ
qe

l Zeptq ô zm “
p1´ φqδ

φ
zen,

(A.14)

where zm ”
Zmptq
Nmptq . Equations (A.10) and (A.14) are two equations in pn, zm, zeq and these are the

ones to carry forward. Now consider the budget constraint of R and P in (4.4). The tuple pβ, θq

characterizes the distribution on the BGP. As an R-type’s endowment is 1´βθ
1´β and a P-type’s is θ,

the ratio of incomes between R and P-types must be 1´βθ
p1´βqθ . Hence, not only incomes are scaled by

1´βθ
p1´βqθ but also expenditures. Use this with (4.8) to get

1´ βθ

p1´ βqθ
“
rNeptq ´ Zeptqspe

1 ` Zeptqpe
h ` rN

mptq ´ Zmptqspm
1 ` Zmptqpm

h
Zeptqpe

l ` Zmptqpm
l

,

which corresponds to (4.12). Expressing ppe
1, pe

h, pm
l , pm

h q in terms of ppm
1 , pm

l q:

1´ βθ

p1´ βqθ
“
rδrNeptq ´ Zeptqs ` Nmptq ´ Zmptqs pm

1 ` rZ
eptqδ` Zmptqsppm

l ` αpm
1 q

rZeptqδ` Zmptqspm
l

1´ βθ

p1´ βqθ
´ 1 “

„

δNeptq ` Nmptq
δZeptq ` Zmptq

´ p1´ αq



pm
1

pm
l

1´ θ

p1´ βqθ
“

»

–

δ Neptq
Nmptq ` 1

δ ZeptqNeptq
NeptqNmptq `

Zmptq
Nmptq

´ p1´ αq

fi

fl

pm
1

pm
l

.

The next step is to derive (4.13). Plugging in the product percentages derived in (A.10) and (A.14):

1´ θ

p1´ βqθ
“

»

–

δ
”

φ
p1´φqδ

Nmptq ´ αZeptq
ı

` Nmptq

δ
φ

p1´φqδ
Zmptq ` Zmptq

´ p1´ αq

fi

fl

pm
1

pm
l

1´ θ

p1´ βqθ
“

»

–

´

1` φ
1´φ

¯

Nmptq ´ αδ
´

φ
p1´φqδ

¯

Zmptq
´

1` φ
1´φ

¯

Zmptq
´ p1´ αq

fi

fl

pm
1

pm
l

1´ θ

p1´ βqθ
“

„

Nmptq
Zmptq

´ αφ´ p1´ αq



pm
1

pm
l

1´ θ

p1´ βqθ

pm
l

pm
1
“

1
zm ´ αφ´ p1´ αq,
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where the last line corresponds to (4.13). This is an equation in zm and the two remaining unknown

prices ppm
1 , pm

l q. These prices can be expressed in terms of the (unknown) interest rate r. Reconsider

(A.9). Solving πm
1 for pm

1 yields pm
1 “ rF

p1´βqL `
a
δ , and solving πm

2 for pm
l gives pm

l “
rpF`Gq

L `
”

β b
δ ` p1´ βq a

δ

ı

´ αp1´ βqpm
1 . Taking the ratio

pm
l

pm
1
“

rpF`Gq
L `

”

β b
δ ` p1´ βq a

δ

ı

´ αp1´ βqpm
1

pm
1

“ p1´ βq

„

1´ α`
δrG` βbL

δrF` p1´ βqaL



.

Substitute into the expenditure share expression to eliminate relative prices,

1´ θ

p1´ βqθ

pm
l

pm
1
“

1
zm ´ αφ´ p1´ αq

1´ θ

p1´ βqθ
p1´ βq

„

1´ α`
δrG` βbL

δrF` p1´ βqaL



“
1

zm ´ αφ´ p1´ αq

1´ θ

θ

„

δrG` βbL
δrF` p1´ βqaL



“
1

zm ´ αφ´
1´ α

θ
(A.15)

where (A.15) is an equation in two unknowns pzm, rq. The final piece of the derivation is the aggre-

gate resource constraint. From (4.10) it is

AptqL “ 9NeptqFe ` 9NmptqFm ` 9ZmptqGm ` 9ZeptqGe `Ye
hptqa

e
h `Ye

l ptqa
e
l `Ym

h ptqa
m
h `Ym

l ptqa
m
l

AptqL
Nmptq

“

«

9Neptq
Neptq

Neptq
Nmptq

δF`
9Nmptq

Nmptq
F`

9Zmptq
Zmptq

Zmptq
Nmptq

G`
9Zeptq
Zeptq

Zeptq
Neptq

Neptq
Nmptq

δG

ff

`
Ye

hptqa
e
h `Ye

l ptqa
e
l `Ym

h ptqa
m
h `Ym

l ptqa
m
l

Nmptq
.

To find output costs, recall that in any sector there are Nsptq stage-one products and Zsptq stage-two

products which also equal output because of the binary choice structure of demand.

for m : Ym
h ptq “ p1´ βqrNmptq ´ Zmptqs

a
δ

L` p1´ βqZmptq
a
δ

L “ p1´ βqNmptq
a
δ

L and Ym
l ptq “ βZmptq

b
δ

L

for e : Ye
hptq “ p1´ βqZeptqaL and Ye

l ptq “ Ye
l,1ptq `Ye

l,2ptq “ p1´ βqrNeptq ´ ZeptqsaL` βZeptqbL.

Summing within both sectors, quantities produced are Ys “ p1´ βqNsasL` βZsbsL where as is a or

a
δ , and the same for bs. Plugging into the resource constraint and using pn, zm, zeq gives

AptqL
Nmptq

“ rnδF` F` zmG` zenδGs g` rp1´ βqδan` βδbzen` p1´ βqa` βbzms
L
δ

“ p1` nδq
”

Fg` p1´ βq
a
δ

L
ı

` pzm ` δzenq
„

Gg` β
b
δ

L


“

„

1` δ

ˆ

φ

p1´ φqδ
´

αφ

p1´ φqδ
zm

˙

”

Fg` p1´ βq
a
δ

L
ı

`

ˆ

zm ` δ
φ

p1´ φqδ
zm

˙„

Gg` β
b
δ

L


“
1´ αφzm

1´ φ

”

Fg` p1´ βq
a
δ

L
ı

`
zm

1´ φ

„

Gg` β
b
δ

L


δp1´ φq
AptqL
Nmptq

“ δFg` p1´ βqaL` rδpG´ αφFqg` pβb´ αφp1´ βqaqLs zm.
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The missing piece is the de-trended technology stock AptqL
Nmptq . I will do the derivation for the case

where technology follows (4.16) but it is analogous for (4.15) and (4.19). Use AptqL
Nmptq “ ψZ

”

φ
p1´φqδ

ıζZ
zmL

on the left-hand side of the resource constraint. This yields the desired expression for zm depending

only on g and model parameters.

ψZrp1´ φqδs1´ζZ φζZ zmL “ δFg` p1´ βqaL` rδpG´ αφFqg` pβb´ αφp1´ βqaqLs zm

zm “
δFg` p1´ βqaL

“

ψZrp1´ φqδs1´ζZ φζZ ` pαφp1´ βqa´ βbq
‰

L` δpαφF´ Gqg
. (A.16)

Substitute the result for zm into (A.15) to get

1´ θ

θ

δrG` βbL
δrF` p1´ βqaL

“

”

ψZrp1´ φqδs1´ζZ φζZ ` pαφp1´ βqa´ βbq
ı

L` δpαφF´ Gqg

δFg` p1´ βqaL
´ αφ´

1´ α

θ

1´ θ

θ

δrG` βbL
δrF` p1´ βqaL

“
ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg

δFg` p1´ βqaL
´

1´ α

θ
.

Notice that the left-hand side depends only on the interest rate r and the right-hand side only on

the growth rate g. Define a function χZpgq equal to the latter and solve for r. This gives

χZpgq “
θ

1´ θ

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
δFg` p1´ βqaL

´
1´ α

1´ θ
, (A.17)

and thus

δrG` βbL “ χZpgqrδrF` p1´ βqaLs

rR
Zpgq “

χZpgq ´
β

1´β
b
a

G
F ´ χZpgq

p1´ βqaL
δF

. (A.18)

(A.18) corresponds to (4.17). This equation is by derivation consistent with the definition of the

PSBGE. Together with the solution to the inter-temporal problem (4.18) this defines equilibrium. To

get (4.18) use 9µs
i ptq “ 0 and 9Xs

i ptq{X
s
i ptq “ g in (4.5) which gives

rE
Zpgq “ g` ρ. (A.19)

A.4 Proofs

A.4.1 Proof of proposition 2

The proof consists of three parts. Let g P G Ă R`. Show that: (i) rR
Zpgq is increasing and strictly

convex @g P G, (ii) rR
Zpgq ą 0 @g P G; and (iii) Dg˚ P G that is a fixed point of HZ : G Ñ R where
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HZpgq :“ rR
Zpgq ´ ρ, so rR

Zpg
˚q “ rE

Zpg
˚q and thus g˚ “ rR

Zpg
˚q ´ ρ. Before starting, I want to provide

two comments. First, I restrict the domain of the growth rate to g P G “ r0, 1s. The proof below

also works for larger domains of the growth rate, but for g Ñ 8 the separating equilibrium can

break down. Additionally, anticipating a quantitative example, it seems apt to require g P G “ r0, 1s.

Second, given that g˚ P r0, 1s, I replace requirement (iii) by a simple application of the intermediate

value theorem: (iii’) Define H̃Zr0, 1s Ñ R where H̃Zpgq :“ rE
Zpgq ´ rR

Zpgq “ g ` ρ ´ rR
Zpgq. Show

that 0 ă rR
Zp0q ă rE

Zp0q “ ρ and rR
Zp1q ą rR

Zp1q “ 1` ρ. Third, numerical simulations show that an

equilibrium can only be constructed if the following condition holds:

Assumption 4 (Equilibrium condition I).

G
F
ă

β

1´ β

b
a

The reasons for this will become clear during the proof. This condition is also implicitly present

in Foellmi et al. (2014, p.646). Albeit it is not mentioned in the necessary conditions. The intuition

behind it is roughly this: β
1´β is the ratio of R and P-type consumers in the economy, while a

b
G
F is the

relative costs in the two stages. When it is relatively much more expensive to conduct a stage-two

innovation (high G) and there would be very few P-types (low β), the separating equilibrium would

break down. One would either end up in a degenerate equilibrium with no innovation at all or in a

case where the model is unsolvable with separating pricing. Now, turning to the proof:

(i) I start by proving that rR
Zpgq is increasing and strictly convex on G “ r0, 1s. I impose the ad-hoc

constraint

ψZrp1´ φqδs1´ζZ φζZ L´
„

β

1´ β

b
a
´

G
F



p1´ βqaL ą 0. (A.20)

This constraint becomes redundant when I move to proving (ii) but for now assume it holds.

A sufficient condition for a twice (Fréchet) differentiable function to be increasing and strictly

convex is that BrR
Zpgq
Bg ą 0 and B2rR

Zpgq
Bg2 ą 0. Taking the derivatives gives

BrR
Zpgq
Bg

“

ă0
hkkkkkkikkkkkkj

G
F
´

β

1´ β

b
a

rG´ χZpgqFs2
¨
p1´ βqaLF

δ
¨
BχZpgq
Bg

.
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Moreover, BχZpgq
Bg is given by

BχZpgq
Bg

“ ´
θ

1´ θ

rδFg` p1´ βqaLs δG`
“

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
‰

δF
rδFg` p1´ βqaLs2

“ ´
θ

1´ θ

ψZrp1´ φqδs1´ζZ φζZ ´

”

β
1´β

b
a ´

G
F

ı

p1´ βqa

rδFg` p1´ βqaLs2
δFL ă 0.

Negativity follows from the ad-hoc constraint (A.20). This clearly implies that BrR
Zpgq
Bg ą 0, so

rR
Zpgq is in fact increasing in g. Similarly, for convexity take the second derivative

B2rR
Zpgq
Bg2 “

p1´ βqFaL
δ

B2χZ

Bg2

ă0
hkkkkkkikkkkkkj

G
F
´

β

1´ β

b
a

rG´ χZpgqFs2
` p´2qp´Fq

ă0
hkkkkkkikkkkkkj

G
F
´

β

1´ β

b
a

rG´ χZpgqFs3
looooooomooooooon

ă0

ˆ

BχZpgq
Bg

˙2
p1´ βqFaL

δ

As the second summand is unambiguously positive, curvature depends on B2χZ
Bg2 :

B2χZpgq
Bg2 “ ´

θ

1´ θ

rδFg` p1´ βqaLs δG`
“

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
‰

δF
rδFg` p1´ βqaLs3

p´2δFq

“ ´
2δF

δFg` p1´ βqaL
BχZpgq
Bg

loomoon

ă0

ą 0

So,

B2rR
Zpgq
Bg2 “

p1´ βqFaL
δ

ă0
hkkkkkkikkkkkkj

G
F
´

β

1´ β

b
a

rG´ χZpgqFs2

«

B2χZ

Bg2 `
2F

rG´ χZpgqFs

ˆ

BχZpgq
Bg

˙2
ff

ą 0

ô
B2χZ

Bg2 `
2F

rG´ χZpgqFs

ˆ

BχZpgq
Bg

˙2

ă 0

ô ´
2δF

δFg` p1´ βqaL
BχZpgq
Bg

loomoon

ă0

`
2F

rG´ χZpgqFs

ˆ

BχZpgq
Bg

˙2

ă 0

ô ´
δ

δFg` p1´ βqaL
`

BχZpgq
Bg

G´ χZpgqF
loooooomoooooon

ă0

ą 0

ô
BχZpgq
Bg

ă
δrG´ χZpgqFs

δFg` p1´ βqaL

ô ´
θ

1´ θ

rδFg` p1´ βqaLs δG`
“

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
‰

δF
rδFg` p1´ βqaLs2

ă
δrG

F ´ χZpgqsF
δFg` p1´ βqaL



J.I.Matt - Master Thesis in Economics xv

and thus

´
θ

1´ θ
trδFg` p1´ βqaLs δG `

”

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
ı

δF
)

ă δ

«

G
F
´

˜

θ

1´ θ

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
δFg` p1´ βqaL

´
1´ α

1´ θ

¸ff

rδFg` p1´ βqaLsF

´
θ

1´ θ
rδFg` p1´ βqaLs δG´ θ

1´ θ

”

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
ı

δF

ă δ

„

G
F
`

1´ α

1´ θ



rδFg` p1´ βqaLsF´
θ

1´ θ

´

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
¯

δF

Cancel terms to get

´
θ

1´ θ
rδFg` p1´ βqaLs δG ă δ

„

G
F
`

1´ α

1´ θ



rδFg` p1´ βqaLsF

0 ă
1

1´ θ

G
F
`

1´ α

1´ θ

Therefore rRpgq is strictly convex and increasing on its domain. I have proved requirement (i).

(ii) The second part is to prove that rR
Zpgq ą 0 for G “ r0, 1s. Reconsider (A.18) and assumption 4.

These two together imply that any admissible χZpgq in (A.17) must satisfy G
F ă χZpgq ă

β
1´β

b
a

and therefore it must hold that χZpgq ą 0. As I have shown in (i), χZpgq is strictly decreasing

in g. Therefore to show G
F ă χZpgq it is enough to show that the smallest admissible value of

χZpgq satisfies this requirement. Hence, I need to show that G
F ă χZp1q, which requires

G
F
ă χZp1q

G
F
ă

θ

1´ θ

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δG
δF` p1´ βqaL

´
1´ α

1´ θ

ψZ ą
δrG` p1´ αqFs `

”

p1´ θqG
F ` p1´ αq `

β
1´β

b
a θ
ı

p1´ βqaL

θrp1´ φqδs1´ζZ φζZ L
(A.21)

Equivalently, for β
1´β

b
a ą χZpgq it suffices to show that the largest admissible value of χZpgq

satisfies this requirement. Hence, I need to show that β
1´β

b
a ą χZp0q, which requires

β

1´ β

b
a
ą χZp0q

β

1´ β

b
a
ą

θ

1´ θ

ψZrp1´ φqδs1´ζZ φζZ L´ βbL
p1´ βqaL

´
1´ α

1´ θ

ψZ ă

´

βp1´θq
θ

b
a `

p1´αqp1´βq
θ

¯

aL` βaL

rp1´ φqδs1´ζZ φζZ L

ψZ ă
rβb` p1´ αqp1´ βqas L

θrp1´ φqδs1´ζZ φζZ L
“

βb` p1´ αqp1´ βqa
θrp1´ φqδs1´ζZ φζZ
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The requirement of rR
Zpgq ą 0 therefore restricts the admissible parameter range of ψZ to the

set ψZ P KZ “

˜

δrG`p1´αqFs`
”

p1´θq G
F`p1´αq`

β
1´β

b
a θ
ı

p1´βqaL

θrp1´φqδs1´ζZ φζZ L
, βb`p1´αqp1´βqa

θrp1´φqδs1´ζZ φζZ

¸

Ă R``. The final step

is to prove that this set is non-empty, this is the case if

δrG` p1´ αqFs `
”

p1´ θqG
F ` p1´ αq `

β
1´β

b
a θ
ı

p1´ βqaL

θrp1´ φqδs1´ζZ φζZ L
ă

βb` p1´ αqp1´ βqa
θrp1´ φqδs1´ζZ φζZ

δpG` p1´ αqFq
1
L
`

„

p1´ θq
G
F
` p1´ αq `

β

1´ β

b
a

θ



p1´ βqa ă βb` p1´ αqp1´ βqa

δrG` p1´ αqFs ` p1´ βqp1´ θq
G
F

a ă βp1´ θqbL

G` p1´ αqF ă p1´ βqp1´ θq

„

β

1´ β

b
a
´

G
F



a
δ

L

G
F
` 1´ α ă p1´ βqp1´ θq

„

β

1´ β

b
a
´

G
F



loooooooomoooooooon

ą0

a
δ

L
F

This requirement is always satisfied if L is large enough. Formally, let this be the second

parameter restriction I need to impose for existence.

Assumption 5 (Equilibrium condition II). The interest rate equation rR
Zpgq is positive for all g P

G “ r0, 1s if and only if parameters be such that ψZ P KZ Ă R``. The admissible set KZ ‰ tHu if

and only if parameters are such that

G
F
` 1´ α ă p1´ βqp1´ θq

„

β

1´ β

b
a
´

G
F



a
δ

L
F

holds. This restriction is satisfied if L is large relative to F.

This completes (ii). It is easy to show that the conditions on ψZ imply that the ad-hoc constraint

(A.20) always holds. Otherwise there would exist a g̃ for which χZpg̃q ă 0 which can never be

true. (A.20) is always fulfilled and therefore can be dropped.33

33 Notice that equation (A.21) can be rewritten as

θψZrp1´ φqδs1´ζZ φζZ L ą δrG` p1´ αqFs `
„

p1´ θq
G
F
` p1´ αq `

β

1´ β

b
a

θ



p1´ βqaL

θ

„

ψZrp1´ φqδs1´ζZ φζZ L´
„

β

1´ β

b
a
´

G
F



p1´ βqaL


ą δ rG` p1´ αqFs ` p1´ αqp1´ βqaL`
G
F
p1´ βqaL

ψZrp1´ φqδs1´ζZ φζZ L´
„

β

1´ β

b
a
´

G
F



p1´ βqaL ą θ´1
„

δ rG` p1´ αqFs ` p1´ αqp1´ βqaL`
G
F
p1´ βqaL



of which the right-hand side is clearly positive, so

ψZrp1´ φqδs1´ζZ φζZ L´
„

β

1´ β

b
a
´

G
F



p1´ βqaL ą θ´1
„

δ rG` p1´ αqFs ` p1´ αqp1´ βqaL`
G
F
p1´ βqaL



ą 0
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(iii) Finally, I show there exists a unique intersection of rR
Z and rE. Define H̃Z : r0, 1s Ñ R with

H̃Zpgq :“ rEpgq ´ rR
Zpgq “ g` ρ´

χZpgq ´
β

1´β
b
a

G
F ´ χZpgq

p1´ βqaL
δF

. (A.22)

Notice that by the above derivation, H̃Zpgq is continuous on the compact Euclidean subset G.

Moreover, rR
Zpgq is continuous, increasing, and strictly convex on G while rEpgq is affine and

increasing. Sufficient conditions for the existence of a unique fixed point are

H̃Zp0q “ ρ´ rR
Zp0q ą 0 ô

p1´ βqχZp0q ´ β b
a

G´ χZp0qF
aL
δ
ă ρ

H̃Zp1q “ 1` ρ´ rR
Zp1q ă 0 ô

p1´ βqχZp1q ´ β b
a

G´ χZp1qF
aL
δ
ą 1` ρ.

Figure 9 provides some intuition for uniqueness. Solving the first inequality for χZp0q gives

p1´ βqχZp0q ´ β b
a

G´ χZp0qF
looooomooooon

ă0 by 4

aL
δ
ă ρ

p1´ βqaLχZp0q ´ βbL ą δ pG´ χZp0qFq ρ

χZp0q ą
βbL` ρδG

p1´ βqaL` ρδF

Similarly, for the second condition one can get

χZp1q ă
βbL` p1` ρqδG

p1´ βqaL` p1` ρqδF

From point (ii) of the derivation I know that BχZpgq
Bg ă 0, so clearly χZp0q ą χZp1q. However, it

is not known whether βbL`ρδG
p1´βqaL`ρδF ĳ

βbL`p1`ρqδG
p1´βqaL`p1`ρqδF . Let me conjecture that

βbL` ρδG
p1´ βqaL` ρδF

ą
βbL` p1` ρqδG

p1´ βqaL` p1` ρqδF

pβbL` ρδGqrp1´ βqaL` p1` ρqδFs ą rβbL` p1` ρqδGsrp1´ βqaL` ρδFs

δFβbL ą δGp1´ βqaL

β

1´ β

b
a
ą

G
F

which implies that the ad-hoc constraint is met because it corresponds to the left-hand side of the above:

ψZrp1´ φqδs1´ζZ φζZ L´
„

β

1´ β

b
a
´

G
F



p1´ βqaL ą 0.

Hence, if assumption 5 holds, that is, if ψZ P KZ, then the ad-hoc constraint also holds. In other words, if an equilibrium
exists rR

Zpgq has to be convex increasing. The ad-hoc is redundant.
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which is just assumption 4. So it follows that βbL`ρδG
p1´βqaL`ρδF ą

βbL`p1`ρqδG
p1´βqaL`p1`ρqδF under assumption

4. But then I know that

χZp0q ą
βbL` ρδG

p1´ βqaL` ρδF
ą

βbL` p1` ρqδG
p1´ βqaL` p1` ρqδF

ą χZp1q

β

1´ β

b
a
ą χZp0q ą

βbL` ρδG
p1´ βqaL` ρδF

ą
βbL` p1` ρqδG

p1´ βqaL` p1` ρqδF
ą χZp1q ą

G
F

.

This is true by the fact that χZpgq is decreasing in g. Therefore, by the above I have defined

the set ρ P P ” pρ, ρ̄q where the lower bound is ρ ” inf
"

ρ ą 0
∣∣∣∣χZp1q ă

βbL`p1`ρqδG
p1´βqaL`p1`ρqδF

*

and

the upper bound is ρ̄ ” sup
"

ρ ą ρ

∣∣∣∣χZp0q ą
βbL`ρδG

p1´βqaL`ρδF

*

. And therefore, for any ρ P P “

ˆ

χZp0q´
β

1´β
b
a

G
F´χZp0q

p1´βqaL
δF ,

χZp1q´
β

1´β
b
a

G
F´χZp1q

p1´βqaL
δF

˙

requirement (iii) holds.34 Hence, given assumption 4

and 5, I have proved that H̃Zp0q ą 0 and H̃Zp1q ă 0, so via the (Bolzano) intermediate value

theorem there exists an intersection on the compact set G “ r0, 1s and because rEpgq is increas-

ing and affine, and rR
Zpgq is increasing and strictly convex, the solution is unique.

A.4.2 Proof of proposition 3

Take the derivative BrR
Zpgq
Bφ “

G
F´

β
1´β

b
a

rG´χZpgqFs2
¨
p1´βqaLF

δ ¨
BχZpgq
Bφ . The first term is negative by assumption 4.

The second term is positive and the third term is

BχZpgq
Bφ

“
Ψ̂rp1´ φqδs1´ζZ φζZ L

δFg` p1´ βqaL

ˆ

ζZ

φ
´

1´ ζZ

1´ φ

˙

ĳ 0.

The first term is positive, the second is positive if ζZ ą φ and negative if ζZ ă φ. The partial

equilibrium effect is BrR
Zpgq
Bφ ą 0 if ζZ ă φ so the rR

Z-curve shifts upwards (to the left). Conversely,

the partial equilibrium effect is BrR
Zpgq
Bφ ă 0 if ζZ ą φ so the rR

Z-curve shifts downwards (to the right).

To prove the existence of a maximum, take dg˚

dφ “ ´
BχZ{Bφ

BχZ{Bg˚´1 which is equal to zero if ζZ “ φ.

Moreover, (4.17) is strictly convex on the positive orthant, so H̃Zp¨q is the sum of a convex and an

affine function, hence convex - which is sufficient.

34P ‰ tHu by χZp0q ą χZp1q.
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A.4.3 Proof of proposition 4

Take the derivative BrR
Zpgq
Bθ “

G
F´

β
1´β

b
a

rG´χZpgqFs2
¨
p1´βqaLF

δ ¨
BχZpgq
Bθ . The first term is negative by assumption 4.

The second term is positive and the third term is

BχZpgq
Bθ

“
1

p1´ θq2
ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg

δFg` p1´ βqaL
´

1´ α

p1´ θq2
ą 0

ô
1

p1´ θq

ψZrp1´ φqδs1´ζZ φζZ L´ βbL´ δGg
δFg` p1´ βqaL

´
1´ α

1´ θ
ą 0

ô
1
θ

χ̃Zpgq ´
1´ α

1´ θ
ą 0

where χ̃Zpgq “ θ
1´θ

ψZrp1´φqδs1´ζZ φζZ L´βbL´δGg
δFg`p1´βqaL . And because χZpgq ą 0 by proof A.4.1, this implies

that χ̃Zpgq ą 1´α
1´θ . Moreover, θ P p0, 1q, so 1

θ χ̃Zpgq ą χ̃Zpgq and therefore 1
θ χ̃Zpgq ą 1´α

1´θ . Hence, the

partial equilibrium effect is BrR
Zpgq
Bθ ă 0.

Now for the effect of a change in income concentration, take the derivative BrR
Zpgq
Bβ “ ´

b
a`χZpgq

G´χZpgqF
aL
δ `

G
F´

β
1´β

b
a

pG´χZpgqFq2
p1´βqaLF

δ ¨
BχZpgq
Bβ . The first term can be positive or negative depending on b

a ĳ χZpgq. The

second term is always negative by assumption 4. The third term, which is BχZpgq
Bβ , can also be positive

or negative depending on b
a ĳ

β
1´β . Therefore, the overall effect depends on the parameterization.

A.4.4 Proof of proposition 5

From (4.19) Aptq
Nmptq “ ψNe n and use (A.10) and (A.14) in the resource constraint

δp1´ φqψNe nL “ δFg` p1´ βqaL` rδpG´ αφFqg` pβb´ αφp1´ βqaqLszm

δp1´ φqψNe

„

φ

1´ φ

1
δ
p1´ αzmq



L “ δFg` p1´ βqaL` rδpG´ αφFqg` pβb´ αφp1´ βqaqLszm.

(A.23)

Solve for zm and plug in (A.15) to get χNepgq “ θ
1´θ

ψNe φp1´αφqL`δGg`βbL
ψeφL´δFg´p1´βqaL ´ 1´α

1´θ . Notice

BχNepgq
Bg

“
θ

1´ θ

ψNe φ
“G

F ` 1´ αφ
‰

L`
”

β
1´β

b
a ´

G
F

ı

p1´ βqaL

rψeφL´ δFg´ p1´ βqaLs2
δF ą 0.

B2χNepgq
Bg2 “

2δF
ψNe φL´ δFg´ p1´ βqaL

BχNepgq
Bg

ą 0

For existence check that rR
Nepgq “

χe
Npgq´

β
1´β

b
a

G
F´χe

Npgq
p1´βqaL

δF ą 0 @g P G. So one needs to check G
F ă χNe ă

β
1´β

b
a . Get ψNe P KNe “

˜

´

β
1´β

b
a

1´θ
θ `

1´α
θ

¯

pδFg`p1´βqaLq`δGg`βbL
´

β
1´β

b
a

1´θ
θ `

1´α
θ ´1`α

¯

φL
, p

G
F

1´θ
θ `

1´α
θ qpδFg`p1´βqaLq`δGg`βbL

p G
F

1´θ
θ `

1´α
θ ´1`αqφL

¸

‰

tHu by assumption 4. The final steps are to show convexity and to pick 0 ă ρ ă rR
Nep0q. Take
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derivatives BrR
Ne pgq
Bg “

´

G
F´

β
1´β

b
a

¯

r G
F´χe

Npgqs
2
p1´βqaL

δF
BχNe pgq
Bg ă 0 which follows from BχNe pgq

Bg ą 0 and assumption 4.

Then,

B2rR
Nepgq
Bg2 “

p1´ βqaL
δF

ˆ

G
F
´

β

1´ β

b
a

˙

»

—

–

2
´

BχNe
Bg

¯2

`G
F ´ χNepgq

˘3 `

B2χNe pgq
Bg2

`G
F ´ χNepgq

˘2

fi

ffi

fl

ą 0

ô

2
´

BχNe
Bg

¯2

`G
F ´ χNepgq

˘3 `

2δF
ψNe φL´δFg´p1´βqaL

BχNe pgq
Bg

`G
F ´ χNepgq

˘2 ă 0

ô

BχNe
Bg

G
F ´ χNepgq

`
δF

ψNe φL´ δFg´ p1´ βqaL
ă 0

ô
BχNe

Bg
rψNe φL´ δFg´ p1´ βqaLs ą ´δF

„

G
F
´ χNepgq



ô
θ

1´ θ

ψNe φ
“G

F ` 1´ αφ
‰

L`
”

β
1´β

b
a ´

G
F

ı

p1´ βqaL

ψNe φL´ δFg´ p1´ βqaL
δF ą δF

„

χNepgq ´
G
F



ô
θ

1´ θ

ψNe φ
”

G
F ` 1´ αφ

ı

L`
”

β
1´β

b
a ´

G
F

ı

p1´ βqaL

ψNe φL´ δFg´ p1´ βqaL
ą

θ

1´ θ

ψNe φp1´ αφqL` δGg` βbL
ψNe φL´ δFg´ p1´ βqaL

´
1´ α

1´ θ
´

G
F

ô
G
F
ą α´ 1

which is always true and hence rR
Nepgq is convex. Finally pick 0 ă ρ ă rR

Nep0q.

A.4.5 Proof of proposition 6

Take the ratio of the no-arbitrage profit conditions (A.9) and (A.11) to get an expression for relative

profits independent of r. That is, πm
2 ´πm

1
πm

1
“

βppm
l ´am

l q`p1´βq

ˆ

pm
l `

qm
h ´qm

l
qm
h

pm
1 ´am

h

˙

´p1´βqppm
1 ´am

h q

p1´βqppm
1 ´am

h q
and solve for

pm
l as

pm
l “ p1´ βq

ˆ

G
F
`

qm
l

qm
h

˙

pm
1 ` βam

l ´
G
F
p1´ βqam

h (A.24)

Moreover, using (4.13) and plugging in for pm
l and solving for pm

1

1´ θ

p1´ βqθ
“

´

1
zm ´ αφ´

qm
h ´qm

l
qm

h

¯

pm
1

p1´ βq
”

G
F `

qm
l

qm
h

ı

pm
1 ` βam

l ´ p1´ βqG
F qm

h

pm
1 “

β
1´β am

l ´
G
F am

h

θ
1´θ

´

1
zm ´ αφ´

qm
h ´qm

l
qm

h

¯

´ G
F ´

qm
l

qm
h

“

β
1´β

b
a ´

G
F

θ
1´θ

“ 1
zm ´ αp1` φq

‰

´ G
F ´ p1´ αq

p1´ βqa
δ
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Taking the derivative reveals Bpm
1

Bzm ą 0. Now use (A.24) to get the relative price

pm
l

pm
1
“ p1´ βq

ˆ

G
F
`

qm
l

qm
h

˙

`
βam

l ´
G
F p1´ βqam

h
pm

1
(A.25)

and taking the derivative of (A.25) with respect to zm yields

Bχp¨q

Bzm “
Brpm

l {p
m
1 s

Bzm “ ´p1´ βq

„

β

1´ β

b
a
´

G
F



a
ppm

l q
2
Bpm

1
Bzm ă 0. (A.26)

Thus relative prices need to fall if the number of stage-two products increases for the no-arbitrage

condition to hold. Totally differentiating (i) equation (A.23) for the case where technical progress

follows (4.19) and (ii) equation (A.16) for the case of (4.16) reveals that g increases in zm for (ii) and

decreases for (i). This completes the proof.

A.4.6 Proof of proposition 7

The argument is equivalent to A.4.3. Take the derivative BrR
Ne pgq
Bθ “

G
F´

β
1´β

b
a

rG´χNe pgqFs2 ¨
p1´βqaLF

δ ¨
BχNe pgq
Bθ . The

first term is negative by assumption 4. The second term is positive and the third term is BχNe pgq
Bθ ą 0

by the same argument as in A.4.3. For a change in φ, assume αφ ă 1
2 , and thus

BχNepgq
Bφ

“ ´
θ

1´ θ

αφ2ψNe L`
“

p1´ 2αφqG
F ` 1

‰

δFg`
”

β
1´β

b
a ` p1´ αφq

ı

p1´ βqaL

rψNe φL´ δFg´ p1´ βqaLs2
ψNe L ă 0.
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B Transitional dynamics

In this section I briefly touch on the behavior of the economy off the steady state. I refrain from

explicitly investigating the transitional dynamics because cost symmetry assumption in the main

model implies that the dynamics will be equivalent to Foellmi et al. (2014). I start by showing that

only on the BGP the co-existence of all three types of innovation is possible.

Proposition 8 (Dynamics). If the economy features all three types of innovation it is in the PSBGE.

Proof. Suppose the economy is in an equilibrium but not in the steady state. That is, tn, zeptq, zmptqu

are not constant but markets clear and the conditions for a separating equilibrium are still satisfied.

Notice that cost symmetry implies that pe
1 “ δpm

1 and hence kµe
Rptq “ δkγµm

R ptq. Thus sector e moves

along with m. The real interest rate is pinned down by the no-arbitrage conditions

rptq “
„

qm
l µm

P ptq ´ p1´ βqqm
l µm

R ptq ´
b
δ



L
G
“ p1´ βq

”

qm
h µm

R ptq ´
a
δ

ı L
F

The Euler-Lagrange equations of rich and poor read

9Nmptq
Nmptq

“ p1´ βq
”

qm
h µm

R ptq ´
a
δ

ı L
F
´ ρ´

9µm
R ptq

µm
R ptq

9Zmptq
Zmptq

“ p1´ βq
”

qm
h µm

R ptq ´
a
δ

ı L
F
´ ρ´

9µm
P ptq

µm
P ptq

Having established that 9µe
i ptq

µe
i ptq
“

9µm
i ptq

µm
i ptq

it follows that
9Xe

i ptq
Xe

i ptq
“

9Xm
i ptq

Xm
i ptq

. From 9µe
i ptq

µe
i ptq
“

9µm
i ptq

µm
i ptq

and consumption

baskets (4.8) it follows that
9Xe

Rptq
Xe

Rptq
“

9Xm
R ptq

Xm
R ptq

“
9Nmptq

Nmptq and
9Xe

Pptq
Xe

Pptq
“

9Xm
P

Xm
P
“

9Zmptq
Zmptq “

9Zeptq
Zeptq . Therefore, I can

reduce this system of differential equations to get a single equation in µm
R ptq and Zmptq

Nmptq . Use

9Neptq
Neptq

“
9Nmptq

Nmptq
` pqe

h ´ qe
l q

Zeptq
Neptq

«

9Nmptq
Nmptq

´
9Zmptq
Zmptq

ff

Re-arranging the Euler-Lagrange equation above gives qm
l µm

P ptq “ p1´ βq
`

qm
l ` qm

h
G
F

˘

µm
R ptq ` βam

l ´

p1´ βqam
h

G
F . Differentiating and inserting into the Euler-Lagrange equation of the poor gives

9µm
P ptq

µm
P ptq

“

p1´ βq
´

qm
l ` qm

h
G
F

¯

p1´ βq
´

qm
l ` qm

h
G
F

¯

µm
R ptq ` βam

l ´ p1´ βqam
h

G
F

9µm
R ptq “

1

µm
R ptq `

βb´p1´βqa G
F

p1´βqδpqm
l `qm

h
G
F q

9µm
R ptq.

Consider the resource constraint (4.10). Assume all types of innovation cause growth,

DpzmqL “
9Neptq

Neptq
nptqδF`

9Nmptq
Nmptq

F`
9Zmptq
Zmptq

zmptqG`
9Zeptq
Zeptq

zeptqnptqδG` rpp1´ βqδa` βδbzeptqqnptq ` p1´ βqa` βbzmptqs
L
δ
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where Dpzmq “
AptqL
Nmptq “ ψφζNe`ζZ rp1´ φqδs1´ζNe´ζZ p1´ αzmq

ζNe
rzmptqs1´ζNe´ζNm is the stock of tech-

nology. Recall the following relationships from appendix A.3 must hold at all time

n “
φ

p1´ φqδ
p1´ αzmq and ze “

1
α

„

1
1´ αzm ´ 1



and zen “
φ

p1´ φqδ
zm

I use the Euler equations and definitions of tnptq, zmptq, zeptqu to reduce this equation to

9µm
R ptq

µm
R ptq

`
Q2zmptq

µm
R ptq `Q1

9µm
R ptq “

„

p1´ βq
”

qm
h µm

R ptq ´
a
δ

ı L
F
´ ρ



r1`Q2zmptqs

` p1´ βq
a
δ
r1`Q3zmptqs

L
F
´

Dpzmq

δ

L
F

, (B.1)

where (B.1) is a Riccati equation in µm
R ptq.

35 Notice that 9µm
R ptq increases monotonically in µm

R ptq.

If µm
R ptq is below its steady-state value, it diverges to negative infinity without bound, and if it is

above its steady-state value, it diverges to positive infinity. Hence, µm
R ptq “ µm

R for all t and since all

willingnesses to pay are monotonically related the same holds for the set tµm
P ptq, µe

Rptq, µm
P ptqu.

The proposition implies that, when the economy has too few stage-two products zmptq and zeptq

(that move pari passu), the transition process will be characterized by stage-two innovations only.

Similarly, if there are too few stage-one products Nmptq ´ Zmptq and Neptq ´ Zeptq, the transition

process will be characterized by product innovations only. Hence, all adjustments in the state

variables tzsptqusPS occur by a bang-bang rule. This resembles models of directed technical change

where off equilibrium only one type of innovation occurs (Acemoğlu & Zilibotti 2001). It can be

shown that this bang-bang behavior implies that the transition from an old to a new steady state

occurs in finite time. Moreover note that the cost symmetry assumption implies the perfect co-

movement of marginal willingnesses to pay in both sectors and hence the co-movement of process

and product innovation in both sectors. Note that in a situation off the equilibrium path, where

either stage-one or stage-two innovation does not augment the stock of technology, the economy

could be stuck in a poverty trap indefinitely. For further discussion, I refer to Foellmi et al. (2014).36

35D is as defined above. Constants are Q1 “
βb´p1´βqa G

F
p1´βqδpqm

l `qm
h

G
F q

and Q2 “
G
F ´ αφ and Q3 “

β
1´β

b
a ´ αφ .

36Note that to fully solve the model, one needs an equation in the remaining state variable zmptqwhich can be obtained

from the Euler-equations, as 9zmptq
zmptq “

9Zmptq
Zmptq ´

9Nmptq
Nmptq “

9µm
R ptq

µm
R ptq`Q1

´
9µm

R ptq
µm

R ptq
. The final part then would be to keep track of the

changing wealth distribution (the changing ownership in firms).
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C Quantitative exercise

In this section, I provide a quantitative example for the effect of a change in inequality through a

change in income concentration captured by β. All parameter values can be found in the accompa-

nying Matlab file.37 Holding θ constant, a higher β implies that income becomes more concentrated

for R-types and common measures of inequality such as the Gini coefficient indicate an increase in

inequality. The numerical simulations show that for an economy with an initially low share of poor

Figure 17: Change in income concentration with initial high β (left) and low β (right).

consumers, an increase might encourage growth. For an already large share of poor consumers,

a further increase usually reduces growth but also might entail a break-down of equilibrium if

pooling becomes too attractive. The effect of a change in the income concentration also depends

on income gaps: If poor consumer’s endowment is very low, an increase might discourage growth

even if there are only few poor types initially. As an example, figure 17 shows comparative statics

of a change in β for a low labor endowment of P-types (θ` “ 0.2). The left panel assumes high initial

income concentration (high share of poor consumers, β “ 0.7). Then, a further increase (β1 “ 0.9)

tends to reduce growth while a decrease in β raises growth rates (β2 “ 0.6). In the right panel, I plot

equilibrium with an initially lower income concentration (β “ 0.6). An increase in β (to β1 “ 0.7)

increases growth while a further decrease reduces growth (to β2 “ 0.5). For the cases where labor

endowment of P-types is higher, it is crucial to check that the conditions for a PSBGE are satisfied.

For instance, if θ and initial β are high, typically the stage-one separation cannot be upheld (pooling

becomes too attractive).

37The full set of codes is available upon request.
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