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Abstract:

In this paper, we introduce three separate risk-management models for binary-
investment markets: speculatory opportunities where the investor loses their entire
position in the negative state, and gains some prespecified profit multiple in the
positive state. The first is a model that maximises capital growth, when the investor's
current capital is diminished due to existing unresolved investments. Second, a
Value-at-Risk model, where the investor's stakes in a repeated investment scenario
depend on their chosen risk tolerance. Third, a hypothesis test for probability
calibration, where the investor can ensure that their forecast-generating model is
suitable. We discuss more broadly the complementary nature of these models, and
suggest specific conventional financial markets where this framework can be applied.
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1 Introduction

Investors in conventional financial markets dedicate their forecasting resources to the future de-
velopment of prices; conversely, in markets of, what we call, binary investments, prices are
prespecified, with forecasting instead devoted to the probabilities of the two possible states re-
spectively occurring. With what probability will the bond issuer default? How likely is it that
the Fed lowers rates? What is the likelihood the the stock’s price will exceed a certain threshold?
These are the types of questions that binary investments pose, when the returns in the two states
are given.

The Kelly criterion (Kelly, 1956), in its most famous form, is a risk-management and stake-
sizing solution, applicable to the binary-investment situation where the positive-state return and
probability are known, with the entire stake being lost in the negative state. It is an attractive in-
vestment philosophy, maximising logarithmic utility and hence long-term capital development.
However, in its basic form, it is limited to the aforementioned scenario only. In this paper, there-
fore, we develop a pair of related risk-management models: Kelly-based stake-sizing equations
for two distinct and unique binary-investment situations. The first relates to scenarios where ex-
isting investments have not yet resolved, meaning that the capital which the Kelly criterion seeks
to maximise is unrepresentative. The second is a Value-at-Risk model, allowing the investor to
manage downside risk in repeated binary-investment scenarios.

With binary investments, the returns to each state are known, and the investor demands an
accurate probabilistic forecast for the two states occurring. Therefore, although the forecaster’s
particular probability-generating model will vary with context, we develop a model-agnostic
hypothesis test, based on the Brier score (Brier, 1950), to evaluate whether the model provides
calibrated forecasts. We evaluate the extent to which the test is accurate, and consider the criteria
that make it applicable.

The paper is structured as follows. We begin with a short introduction of the Kelly criterion,
also presenting the broader Kelly-criterion literature, with contributions which are similar in
nature to the two stake-sizing models we derive. In the subsequent two sections, we develop
and evaluate first the unresolved-investment model, and then the Value-at-Risk model. After
this, we present and test the hypothesis test for the calibration of probabilistic forecasts. Finally,
we discuss areas of conventional finance in which our results may be applied, while justifying
the wagering-framed presentation of our results throughout.

2 The Kelly Criterion and Extended Kelly Frameworks

The Kelly criterion is a famous result in the investment literature, providing, in general, a frame-
work for optimal wealth growth, and, specifically in gambling contexts, a closed-form expres-
sion for the optimal stake to place on favourable wagers. Suppose that the probability of an
event occurring is 0 < p < 1 and that a bettor is offered a wager whereby if the event occurs
they receive a profit of their stake multiplied by b, while they lose the entire stake if the event
does not occur. The Kelly criterion states that the bettor should stake a fraction f
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of their investable capital on this opportunity. The growth rate of capital is given by
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and the fraction in (1) maximises the logarithmic growth rate
In(G) =pln(1+ fb) + (1 —p)In(1 — f) (3)
The derivation is rather straight-forward, differentiating (3) in f and equating with zero
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rearranges for f as givenin (1). This is a standard result, and is, in general, a principle more than
a practical tool: it is seldom that a betting scenario arises where the criterion can be applied as
specified without amendment. There is therefore extensive research on extensions to the Kelly
criterion, expanding it to more complicated and involved wagers. Below we briefly discuss
a sample of these models, both to contextualise the Kelly criterion in the broader investment
space, and to better position our contribution to this literature.

Baker and McHale (2013) consider a scenario where there is uncertainty in the probability
of a wager winning, with it being distributed according to the Beta distribution (Krzysztofowicz
and Long, 1991), with a mean of p and variance of o. (1) assumes that p is known exactly,
but if there is uncertainty in its estimation, there is risk for over-staking when using the mean
estimate as input. The authors find that the optimal stake for such a scenario is given by

(p(1+b) - 1)°

f= b((p(1+b) — 1)2 + (1 + b)20?)

&)

where, if o = 0, (5) simplifies to (1). Due to the concave nature of the Kelly criterion, uncer-
tainty leads to a lower stake, with over-staking more detrimental to returns than under-staking.

Busseti et al. (2016), present a framework for a single event, with K different outcomes,
where N different bets are made. In this case, f is an N-length vector of fractions for the
different wagers, p is a K-length vector of probabilities for the different outcomes, and b is
a K x N matrix of returns for the N wagers in each of the K outcomes. The authors offer
a numerical solution to maximising capital growth in this scenario, subject to a convex risk-
constraint, avoiding low-wealth outcomes, formalised as

K
maximise Z p; log(b! )
=1

subjectto 17f =1,f>0 (6)
K
Z:Z%(binrA <1
i=1

where the first constraint is a no-short-selling constraint, and the latter is the downside-protection
constraint, controlled by the risk-aversion parameter A\, where larger values for this parameter
lead to stronger aversion to poor outcomes and thus more moderate staking. This framework
considers a portfolio of bets (rather than merely one bet, as in (1) and (5)), optimising staking
for the entire portfolio across the single event.

Sun and Boyd (2018) conceptually combine the probability-uncertainty of Baker and McHale
with the multi-outcome-multi-wager with down-side protection framework of Buesseti et al.
The difference here, compared to Baker and McHale, is that while the latter modeled p as fol-
lowing a beta distribution, the authors here instead consider the K different outcome probabil-
ities as being drawn from a set of plausible probability distributions P. With f, p and b as in
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Busseti, the authors produce numerical solutions for

K

max min log (b 7

o mig > pelog(b f) )
1=

maximising returns in the scenario with the worst-case probability distribution. These numerical

solutions are based on the nature of P. For instance, there is one suggested numerical solution

for the box distribution set

P={p|peclp—ecp+elVpeplp=1} (8)

where, for any of the individual p € P, each of the K p; € p are within some small value ¢;
from their point estimate p,;. A different numerical solution exists for the polyhedral set

P={p|Ap<B.p>01"p=1} ©)

where A is an m x K matrix and B an m-length vector, with Ap < B representing m different
linear constraints, which are combinations of the K different probabilities. The authors discuss
further types of sets, with numerical solutions similarly provided for these.

The above three papers are all general in scope. However, the literature also offers ex-
tremely specific frameworks. Smoczynski and Tomkins (2010), for instance, derive a solution
with a very narrow scope: parimutuel horse races. In conventional gambling games, as those
discussed above, the returns to different outcomes b are known exactly; however, in parimutuel
(or pooled) betting, the entire bet amount by all gamblers across the different outcomes is pooled,
with the organisers taking their commission, and the remainder then shared by the winning bet-
tors. The authors offer a closed-form solution for a race between n horses, where fractions f; of
existing capital are to be wagered on them, respectively:

Zjespj .
=D — 62. — | 1 € S 10
f b <D— E jESBj ! ( )

where S is the set of horses that it is optimal to bet on (f; = 0 V i ¢ S). Here, p; is the
true probability of horse ¢ winning, [3; is the public betting proportion on horse 7, and D is the
dividend ratio, equaling one minus the track take (that is, the amount of the total bet pool paid
back to investors after the commission). The authors provide an algorithm for whether each
horse ¢ should be included in S or not, which is iterative, first ranking the horses according to
expected contribution to revenues, then adding the marginal horse to the set if it increases total
profit. This paper is not as generally applicable as the others discussed here, but demonstrates
the ability of the Kelly criterion (which is essentially a principle of capital-growth optimisation)
to be applied to detailed, practical scenarios.

Kim (2024), in a more recent paper, considers a framework where the bettor makes wagers
in good and bad states (denoted 1 and 0, respectively) with different success rates. If there are
N; good states and N bad states, with the probability of winning being p; in good states and
po in bad states, and returns to wins and losses being b; and b, in both states (that is, a won bet
in both good and bad states returns b;), then the optimal fraction of current capital is given by

p1 V1 _ (1 — po)No
(1+b0)(p1N1+ (L —po)No)  bi(prN1 + (1 — po)No)
This framework helps bettors manage risk when their model’s edge is not constant: perhaps in

Nj out of Ny + NV, cases, the model has an edge (p; > py), while in the remaining NV, instances
it does not.

f=

(11)



Xu (2022) considers the Kelly criterion for stock markets, in a framework which max-
imises the probability of reaching a certain wealth target sooner rather than later, under the
worst plausible market scenario:

ponmr (1 MHH_\/(MH_T>2+M

o2 2r 202 202 o2

(12)
where p is the asset drift, o is its volatility, r is the risk-free rate, and A is a discount factor.
Adapting the Kelly criterion to the stock market is not a new endeavour (Merton, 1969; Thorp,
2008), but Xu considers an alternative property of Kelly, minimising time to reach a certain goal
(see Breiman et al. (1961) below) as opposed to purely maximising capital growth.

Wau et al. (2025) is a more modern approach to Kelly-criterion investing, applying it in a
machine-learning environment. The authors propose an LSTM-based architecture that predicts
the daily win probability of a futures day-trading strategy. They then use this as input to the
classical Kelly criterion expression, to determine the optimal stake size. Because futures re-
quire large margin desposits, traders cannot generally implement the full Kelly fraction, which
leads the authors to convert their strategy into options trading with a high degree of contract
granularity. Although there is no closed-form extension to the Kelly criterion, the paper is in
the cutting-edge technically, using advanced machine-learning techniques, and can still leverage
the basic insights of Kelly investing to generate impressive returns.

The extensions to, and broad application of, the Kelly criterion emphasise its core insights:
generally, an investor should maximise capital growth. But their position-sizing should be re-
duced when outcome probabilities are subject to uncertainty. Similarly, when several wagers
are placed on the same event, these should be optimised jointly in a portfolio, particularly when
down-side risk is being managed. Detailed solutions for extremely specific scenarios can be de-
rived, while stock markets and other asset classes also lie within the scope of the Kelly criterion.
In the next two sections of this paper, we develop two additional Kelly-extension models.

3 Unresolved Wagers

As presented above, Kelly investing is done relative to an existing capital level. Consider the
scenario, however, when an investment strategy finds two or more lucrative wagers in short suc-
cession, rendering the capital impact of the preceding wagers uncertain for the nth wager. In
this situation, with capital reduced due to these existing stakes, regular Kelly investing would
recommend a stake that is much lower than what one would reasonably place with capital fully
reflecting the existing wagers. In this section, we develop and evaluate a solution to this prob-
lem, providing a contribution with similar practical relevance for bettors to the other elaborated
Kelly models presented above, where bettors can adjust their staking to maximise capital growth
despite their effective capital being unknown.

3.1 One Unresolved Wager

Consider the case where the current capital has been diminished because there exists an out-
standing, unresolved wager: we staked s; on a bet with probability p; and returns to a win of
bi. In this case, staking the regular Kelly fraction of our current capital will be misleading, as
our effective capital (accounting for some expected return from the outstanding bet) is higher.
Therefore, we consider the growth rate of our current capital w with respect to the existing bet
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as well as the new bet with p; and by, where we stake a fraction f of w: thatis, sy = fw. We
have

p1(1—p2)

S p1p2 _ S _ B
G = (1 + fort (14 m)) (14 fby)! PP (1 —f+ (1 bl)) (1— f)-po0-p2)
(13)
Simplifying the notation by substituting v = (1 + b;), we can take the logarithm

In(G) = pipz In(1+ fbatu)+(1—p1)po In(1+fba) +p1 (1—p2) In(1— f+u)+(1—p1) (1—p2) In(1—-f)
(14)

and then differentiate with respect to f

dln(G) _  _ _ pipabs (L —ppaby p1(L—p2) (A—p))(A—p2) _
df 1+ foo+u 1+ fbo 1—f+u 1—f

pip2ba(l + fbo)(1 = f+u)(1 = f)+

(1 = p1)pobo(1 4+ fbo +u)(1 — f+u)(1 — f)—

pi(1 = p2)(1+ fbo +u)(1+ fbo)(1 — f)—

(1 =p1)(L = p2)(L + fbo +u)(1 + fb2)(1 = f + u)

(15)

which rearranges for a cubic equation in f

dIn(G)
df

- 4@ O 6

where
3AC — B?
3A2
2B3 — 9ABC + 27A%D
27A3 (16)

=0=Af+Bf*+Cf+D —

P =

Q=

—14+iV3
e=—0
A= b2
B =03 (u(py — pip2 — 1) — p2 — 1) + ba (u(1 — p1pa) — p2 + 2)
C =bapy (u+1) + by (u(pru+2p; —u—3) —2) +u(l —py) —po+1
D = u? (—bopips + bops — pip2 +p1 +p2 — 1) +
u (—bop1pa + 202pa — P1p2 + p1 + 2p2 — 2) +pa(ba +1) — 1

S
w=""(1+b)

where the chosen combination of ¢ is that which selects the correct root (among the three con-
ventionally available roots in the qubic equation).
To evaluate the accuracy of the formula, we perform a simulation where we over 100 iter-

ations draw p; and p, between 0.1 and 0.9, and two values for d = In (ﬁ) —1In <ﬁ) (a
1+b

distance metric proposed as suitable in Law and Peel (2002)) between 0.001 and 0.025, from
which b; and b, can be derived. With, s; = pl(ng—fl)_l, we have w = 1 — s;. We thus calculate



f using (16). Then, we simulate over 500 different values of f, where, for each one, the out-
come of the two bets is simulated 500,000 times. We take the geometric mean of the growth of
w across these 500,000 iterations, thus getting 500 (f, G) points. We fit a cubic to these 500
points (a quadratic would likely suffice, but the cubic provides more flexibility to fit the strictly
concave function) and select the value of f which maximises this continuous function, denoting
this optimal parameter f . Thus, for each of the 100 iterations, we have the calculated value for
f and the simulated value f . If our expression for f is correct, then these two values will be
strongly correlated. The upper panel of Figure 1 shows this relation. Similarly, we also find
the optimal value for f, denoted f*, using numerical maximisation of (13). The lower panel in
Figure 1 demonstrates that the fit of our solution in (16) is perfectly calibrated to the numerical
optimum, with the relationship between f and f less strong. Indeed, the correlations (Pearson,
1895) corr(f, f) = 0.9635 and corr(f, f*) = 1.0000 suggest that the simulation method, while
indeed highly calibrated in its own right, is not as attuned as is the optimisation, or even our
solution f, with the 500,000 iterations insufficient to find the correct value for f .

3.2 Multiple Unresolved Wagers

If there are n — 1 outstanding bets, and we want to opti-

mise the Kelly fraction f for the nth, there will then be
2" possible outcomes, with each bet either winning or 002
losing. For n = 2, we obtained a third-degree polyno- 001
mial for f. In general, for n > 2, the polynomial will be 000

of degree 2" — 1. Therefore, we create an approximate 2
formula for any n > 3 (for n = 2, obviously use the
above formula). Thus, enumerate the 2" combinations .
with indices 7. For each of the n bets, enumerated 7,

we can create indicator functions /; ;(uy, us), returning o0 oses  odw oo odw  ods  odw
some value u; if the jth bet wins in the th combination F

and some other value u; if it loses. Each bet j has stake  Figure 1: Our Kelly fraction f ver-
s; (other than the nth bet), probability p; and profit to  gug the simulated value f as esti-
a won bet of b;. Current capital is w and we want t0  mated in a Monte Carlo simulation
optimise for the fraction f of this capital which we will (upper panel) and the optimal value
stake on the nth bet. With respect to w, our growthrate ¢+ (Jower panel). For the betting

G is scenario where n = 2.

1
G = H<1+flm s —1 +ZI”( 1+b)0)>

(17)
the geometric mean return across the growth of capital in the 2" different combinations of bet
outcomes. We can take the logarithm to get

1n(G):Z<1n<1+fli,n(bn,—1)+n21,j( (1+0;) ))H (pi1 p]) (18)

i=1 j=1
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and if we differentiate this with respect to f, we get

2TL

(ﬂn B im( —1H171bj@p1—4%) _
— 1+flm( e —1) + 2000 L (2(140),0)

n on
Z[zn na_ H 1,5 pj7 )]H 1+f[kn n:_ +Z[k3( 1—|—b)0)]
Jj=1 k#i

(19)
by multiplying up the denominators. We can approximate this product term across k # ¢ by
expanding the Taylor series to the second-degree term of In(1+ay 5 f+as ) about f = fy, where
fo is some value which we believe will be close to the solution, for instance, fy = p"(ng—s")_l,
the regular Kelly criterion.

gn
H L+ fIgn(bn, —1 +kaj< (1+0b;), O)] =
ki
gn
o ()
ki
- &1,kf0 aikf(?
exp (; [ln(l +ay i fo+ asy) 1+ arefo+ase 201+ ainfo + asg)?

( ayk n a1,kf0 ) Fo aj fﬂ)
L+arpfo+asr (14 aipfo+ asg)? 2(1 4 a1, fo + asp)?

2" 2" 2 2
a1 fo ai i, fo
=e E In(1+a +a — E ’ + , +
Xp (k?éz ( kaO 27k) — |:1 + al’kf() + (12,k 2(1 + akaO + CLQ,k)Q]

fz [ a i 1,kJ0 } _ f_ Z 1,k _
7 Lt anefotas,  (L+aifo+az)? 2~ (1+ayfo+ asg)?

k#1
271
I+ aq ka + Qo )
H ay,k fo a? 2 exp (agif — asif?)
k#i exXp <1+a1,kyf0+az,k 2(1+a1,kyf0+a2,k)2>
with

n—1
S
ayp = Ik,n(bna _1)7 Qg ) = Z[k,j (j(l + bj>70) )
j=1

27’!,
ai kg alkfo :| alk
as; = | + , ==
3, ; [1+(11,kf0+a2,k: (14 a1k fo+ agk)? Z (1 + arpfo + azg)?
(20)



We can similarly further expand exp (a3 ;f — a4, f?) about f = f, finding
exp (a3,z’f - G4,if2) ~

2 (f - fO)2 2 _
€xp (a3,if0 - a4,if0) 1+ (f - f(])(a?),i - 2a4,if0) + T ((CL3,¢ - 2a4,if0) - 2614,7;) =

exp (G3,if0 — a4,if02) [1 —asifo+ asify + (as; — 2a6,fo) f + a6,if2}
with

L,
as; = ag; — 2as;fo, ag; = 55— Q4

1)
Putting everything together, then

n 2"
dln
—O_ZIZTL na_ H Z]p]’ )]H 1+flkn n,— Z-[k]< 1‘|‘b)0>]%

=1 Jj=1 k#i

on n A
1+ Cbl,kfo + ag g

Z L (bry — H ii (P> 1= D))l H ay . fo af ;. f5
i—1 j=1 k#i | €XP <1+a1,kf0+a2,k 2(1+&1,kf0+a2,k)2>

exp (a3,if0 - a4,¢f§) [1 — asifo+ acify + (as; — 2ag:fo)f + a6,if2}
(22)

We have a quadratic equation in f,

2
—A; — /A2 —4A,A
ZAlfl%O — f%f(ph"'7pn7b17"'7bn7817""Sﬂ*hw,fo): 1 2141 =
> 2
with
on "
A=Y | Bivexp (asifo— asifs) Tin(bn, =) [ [ 1i5(pj: 1 = )]
i=1 =1
2”

1+ aypfo+azk
- a1,k fo a1,k /o
k#i | ©XP <1+a1,kfo+a2,k + 2(1+‘l1,kf0+a27’€)2>

2
Bio=1—as;fo+asify, Bix = as; — 2a¢,fo, Bi2 = as,;

n—1
s
a1k = Ten(bn, —1), aze = Y I, <Ej(1 + bj)70> :

J=1

on on
ai ai ko ] 1 aj j
a i = —I'- s a 72- = — 2 ,
> ; L +aipfo+azk (14 ayiefo+ azp)? T2 ; (1 + aypfo + azp)?
1

as; = az; — 2aq,fo, ag; = §a§,¢ — Gy,
Ii,j(ul,ug) = ulxm + 'LL2(1 — xi,j)7 {xm : {ilj'l = 1, 2, ey 2”} = {0, 1}n}

pa(l+b,) =1 w37 51+ b))
by, w

fo=

(23)
where the conventional = is replaced by — to give the correct root. We have found that the given
expression for f; is useful, multiplying the regular Kelly criterion with the expected arithmetic
growth of wealth from the existing bets.



Repeating the simulation in Figure 1, only now drawing n as a random integer from three
to seven, inclusive, Figure 2 shows, again, the strong correlation between the analytical value
for f from (23) and the numerical value f and optimal value f*, respectively, with coefficients
0.9813 and 1.0000. The values for f* come from, again numerically, maximising (17).

The two main properties which make the Kelly criterion an optimal investment criterion
were established by Breiman et al. (1961) (with extended discussion in Thorp (1975)). If we let
the random variable I,,,( f) be the wealth after m repeated gambles with investment strategy f,
and M, (f) be the number of trials m for W,,,(f) > w (which is also a random variable, since
different investment histories will give different 1¥,,,), then if f* is the optimal strategy in (23)
and f’ is some “essentially different” strategy such that G(f*) > G(f’), where G is the capital
growth rate from (2), (13) and (17) (depending on scenario), then

lim Win(f7) 00
m—o0 Win(f') (24)
Jim Pr(My,(f7) < My(f') =1

that is, f* maximises the rate of growth of wealth, and it minimises the expected time required
to reach a certain level of wealth.

To evaluate whether our f* solution in (23) is bet-
003 ter than the regular Kelly criterion f’, we perform the
following simulation. For three distinct values of n
001 | (3,5,7), in turn, we perform 100 iterations of 10,000
000 wagers. For each of the 10,000 wagers in each itera-

g tion, we create n — 1 outstanding bets, drawing p ~
U(0.1,0.9) and d ~ U(0.001,0.025), from which we

« can rearrange for b in d = In <L> —In <17;1>

0.01 l—p e
ool | | | | . - We calculate the value for f which give growth rates
0.000 0.005 0.010 0’.‘015 0.020 0.025 0.030 G(f) — 1’ f # O’ With G here from (2)' There does

not exist an algebraic solution, but we find this root us-
ing the solution in Brent (2013). On these n — 1 un-
resolved bets, we stake these generated values for f,
meaning that on average the wealth will not grow due to
these outstanding bets, meaning their average impact on
wealth is isolated to the capital effect in calculating f*
and f’. Then with these n — 1 bets outstanding, we sim-
ilarly draw p and b, but instead calculate f* from (23)
and f’ from (1). Throughout the iteration, we keep a
running track of capital wy- and w/, with the only dif-
ference between the two being the choice of f (that is, the outstanding wagers relative to wealth
and outcomes to wagers are the same in both cases). We consider the values 100, 1,000 and
10,000 for m and 1.1, 2 and 10 for w (representing 10%, 100% and 1,000% capital growth
from the initial unit wealth), and whenever the wager count passes one of these values for m,
or either running wealth passes w, we note the relevant quantity. At the end of each of the 100
iterations, we take the median wealth ratio for each value of m for WinlF") and similarly calculate

W (f7)
Pr(M,(f*) < M,(f')). Table 1 displays these results.

Figure 2: Our Kelly fraction f ver-
sus the simulated value f as estimated
in a Monte Carlo simulation (upper
panel) and the optimal value f* (lower
panel). For the betting scenario where
n € {3,4,5,6,7}, chosen randomly
for each of the 100 iterations.



Wi (/) Pr(M,(f*) < My(f"))

Wm(fl)
n | m 100 1,000 10,000 w 1.1 2 10
3 1.09 2.42 7,035.10 0.94 1.00 1.00
) 1.15  4.17 1,786,187.00 0.94 1.00 1.00
7 1.21 726 356,674,317.96 0.86 1.00 1.00

Table 1: Comparison of the optimal strategy f* from (23) to the general Kelly-criterion solution
f', for three different values of n. The ratios of WV,,, are medians across 100 iterations.

(J;) , confirming

We see that, for all values of n, when m increases, so does the ratio VV‘[/,*"—
the first Breiman property, that the optimal solution maximises the growth of wealth (compared
to the benchmark standard Kelly criterion). The relationship in n is interesting, with the ratio
increasing in n, with m held constant. This suggests that, with more wagers unresolved, the
optimal solution has an incrementally stronger edge over the benchmark method, essentially
wagering higher stakes. Similarly, as w increases, so does Pr(M,,(f*) < M,(f’)), demonstrat-
ing the second Breiman property, that the optimal solution minimises the time taken to achieve
a certain wealth threshold (again compared to the benchmark). As n increases, with w = 1.1,
the proportion of iterations where the optimal strategy reaches the wealth threshold first de-
creases slightly. With six outstanding wagers (n = 7), and with the threshold rather low (10%
cumulative returns), one could imagine that in certain iterations the wealth differences up to the
threshold due to the strategies varying is minimal. That the optimal strategy, then, still reaches
the threshold first in 94 or 86 percent of iterations illustrates the stark overall outperformance,
even in this smaller-sample scenario.

3.3 Computational Note

In evaluating (23), we have limited ourselves to n < 7. This is due to computational issues
when n becomes large, with, for instance, the product

27L
L+ aypfo+ azy

a1,k fo ai 1o
k#i | €XP 1+ay,k fotaz i + 2(1+ay k fot+az,k)?

(25)

easily diverging in n. There are cases when the expression works well even for n = 10, but
in general n < 7 is the safest range. This does not necessarily mean that (23) does not work,
mathematically, for larger n, merely that our computing capabilities were not able to cope. The
prospective user can readily evaluate the extent to which they can handle these larger terms.

3.4 Conclusion

In this section, we have solved a Kelly investment problem for games with unresolved wagers,
optimising stakes for the nth wager when the outcome of n—1 existing bets are yet to be decided.
Kelly investment is made relative to the investor’s existing capital, meaning regular Kelly stakes
calculated relative to the capital, which excludes these existing wagers, are understated. We
first calculated a closed-form expression for the case where n = 2 (that is, one outstanding
wager), demonstrating its calibration. We then generalised this expression for any value of n,
which we showed remained calibrated for moderate values. Finally, we evaluated the investing
capabilities of our expressions, compared to regular Kelly staking, by considering Brieman’s
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conditions, finding that our solutions indeed maximise wealth and minimise the time to achieve
a certain wealth objective, compared to the benchmark strategy.

4 Value-at-Risk

Value-at-Risk (Jorion, 2007) is an immensely popular risk-management framework amongst
financial practitioners (Diebold et al., 2010), whereby an investment is made such that there is a
certain theoretical probability of losses exceeding a predefined threshold over a given investment
horizon. Used primarily with respect to conventional financial investments, in this section we
develop an expression for Value-at-Risk staking for a repeated gambling game. A bettor can
wager a certain amount of their capital on each wager, which is repeated a given number of
times, and they seek to maximise growth of capital subject to their risk tolerance, in the form of
Value-at-Risk. We evaluate our expression, demonstrating some practical limitations, and then
expand the analysis to consider a related problem, where a gambler seeks to maintain a certain
Value-at-Risk over a collection of distinct wagers, rather than a repetition of the same gamble.
We finally discuss the inherent riskiness of binary securities and the suitability of Value-at-Risk
as an associated metric.

4.1 Derivation

We have a gamble on an event with probability p of occurring, offering profit to a winning bet
of b. If we place this bet n times, winning w times, our return 3 is

p=0+f0)" 1= -1 (26)

where f is the Kelly fraction: the proportion of current capital staked on each bet. We want
to model, after these n bets have been placed, the distribution of the return 5. Since bets are
independent and p is constant, we get a binomial distribution for the number of wins, w ~
B(n, p). We can rearrange (26) to obtain

. — In(1+p) —nln(l — f)
7 (1 + fb) —In(1— f)

(27)

For a given bet with Kelly fraction f, probability p and profit b, made n times, given a specified
return of (3, equation (27) gives the required number of won bets to achieve this return, wpg.
Thus, to calculate the probability of cumulative returns less than or equal to 3, we have that
P(B < B) = P(w < wg), where B is the stochastic variable for returns after these n bets, and
w is the binomially-distributed stochastic variable. Hence,

lwga]
P(B<B) =) (?)pm —p)" (28)

; 7
=0

where |wg | is the floor of wg, the greatest integer less than or equal to it. To avoid this rounding

of wpg, assuming that the number of bets n under consideration is large, we can use a normal

approximation to the binomial, giving

_ wg — np
P(B<LB)=¢ <—np(1 _p)> (29)
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where ¢ is the cumulative distribution function of the standard normal distribution, and np and
np(1 — p) are the mean and standard deviation, respectively, of w. Since wg is continuous,
there is no need for a continuity correction. In general, the cumulative distribution function

integral is
1 T

where erf is the error function 5 .
erf(z) = — / e dt (31)
VT Jo

T wg — np . (32)

V2 2mp(l—p)
with u a simplifying substitution. Our optimisation problem is to find a Kelly fraction f such
that we have a probability of at most « of experiencing cumulative returns of 3 or worse. Thus,

and, in our case,

1
P(B<pB) = 5 (1+erf(u) =a = erf(u) =2a —1 (33)
A standard approximation for erf(u) (Winitzki, 2003; Zeng and Chen, 2015) is

4 2
—+au
f(u) ~ 1— —u?L 34
erf(u) sgn(u)\/ exp ( u?] +au2) (34)
where a = 3875(7;__3;2). Substituting in 2a¢ — 1 from equation (33), equation (34) can be rearranged

to a biquartic equation in u, as

Aut + Bu>+C =0

with
A=a
B = é + AC

T (35)
C=In(l - (2a —1)?
giving

\/—B +vB? —-4AC

u== 24

which depends entirely on « as an input parameter. We, thus, can find the number of wins w,,
equivalent to the a-th percentile of the distribution of w. Given the domain « € [0, 1], we can
reason about the + in the expression for u. Over this domain, C' is negative, the discriminant
A = B2 —4AC'is strictly positive, and VA > B. Therefore, the inner + must be +, given that
we want real solutions. For the outer &+, from (32), assuming that this risk-management system
is applied for minimising the probability of losses, we get that u < 0, meaning that the outer +
is —. Thus,

Wo — NP —B+vB? - 4AC

TV 24

— (36)

_ 1 —B+VB?—4AC  In(1+3) —nln(l— f)
we =np — A\ np(l — p) A = (1 £ /5) —In(1 = )
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with the second equality coming from equating w, with wg from (27).
We now want to isolate f for a closed-form expression for the Kelly fraction given a desire
to have at most a probability of a of seeing losses of 3 or worse through n repeated bets. This

cannot be done directly; however, using the fact that for small z, In(1+2z) ~ x— % + x—; —...,and
In(l—z) ~ —z— %2 - % — ..., via Maclaurin series, we can approximate In(1— f) ~ — f — 1;—2

and In(1 + fb) ~ fb— @, taking only the second-degree expansion. We thus get

W+ p) +nf(1+1)

o R 37)
=)+ f1+14)
which rearranges to the quadratic in f,
Af* +Bf+C =0
with
_ N, Wa o
A= 5 + 5 (b 1)
B:n—wa(l—l-b) (38)
C =In(1+p)
giving
f_wJ1+®—niqﬂn—wJ1+MP—2Mﬂ+ﬁﬂn+w4@—1»

1+ wa(b? — 1)

where, given that n > w, (1 + b) in most cases and that f > 0, we can replace the &+ with +.
Thus, we get the final closed-form expression for f:

Wa(1+b) —n+ /(0 —wa(1+0))2 = 2In(1 + B)(n + wy (b2 — 1))

/= n+ we(b? — 1)
—B+VB?—4AC

wo =np — {[np(l —p) 1

8(r — 3) (39)
A= T2

3n(4 —m)
B=24acC

s

C=In(l—-(2a—1)?%

which takes arguments p, b, n, o, (3.

4.2 Single-Gamble Evaluation

To evaluate the accuracy of our formula, we perform simulations. For specified values of the
input parameters, we calculate f and then create a 100,000 x n matrix of random probabilities
g ~ U(0,1). For each element in this matrix, we compare ¢ to p, and in the corresponding
cell in another 100,000 x n matrix, we insert 1 + fbif ¢ < p and 1 — f otherwise. We
then calculate the cumulative product along the rows of this second matrix, giving 100,000 final
returns from the final column, finding the proportion & of which are lower than 3 and comparing
this value to o. We do this 1,000 times, drawing p ~ U(0.1,0.9); the bet expected value
EV ~U(0.005,0.05), giving b from EV = p(14+b)—1;andn = 10%, where u ~ U(2, 3), and n
is rounded to the nearest integer. We similarly have o ~ U(0.01,0.1) and 5 ~ U(—0.1, —0.01).
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Worthy of note is the discrete
nature of &. In (39), we use the an-
012 alytical value for the constant A =
. 3875&:?;2). If we instead investigate
' how « varies for a fixed set of

0.05 | parameters (p,b,n,«, 3) when we
: change the constant A, we find that
" & does not respond to small changes
0041 in A. It instead displays a discontin-
uous stepwise relationship, shifting
to a lower level when A increases
0004 ‘ , , sufficiently. This makes intuitive
e o L o e sense. The number of bets won in
an iteration is determined solely by
Figure 3: For a gamble with parameterisationn, p, b, «, 5, p and n in a binomial distribution.
we compare « to the proportion of runs with final returns =~ Since the cumulative multiplication
less than or equal to 3. The black line is & = «, not a process of Kelly capital is commuta-
trend line, with our expression therefore an excellent fit.  tive, the sequencing of won and lost
bets does not matter. Therefore, for
a given value of f, we can imagine the range of won bets w € [0, |wz |] which gives returns less
than /3, and then the range of won bets [[wg ], n] which does not. With this distribution of wins
unchanged, small movements in f occasioned by nudges to A will change cumulative returns,
but not sufficiently to shift the value of wg into the domain between the next pair of integers.
Only when this occurs, when one more or less won bet is required to fall below (3, does & shift.
We can therefore conclude that & can never necessarily equal « exactly, as it is binary not con-
tinuous. In the simulation studies, then, we cannot expect these & to fit the o perfectly as the
inputs vary, but instead hope to see a strong relationship between them, sensitive to changes in
all inputs. As such, the results in Figure 3 are particularly impressive given this property.
We perform the simulation outlined

0.14 4

102 q

above for all combinations of the parameters n 100 250 500 1000
: : « 0.01 0.025 0.05 0.1
shown in Table 2. Across these 320 itera- 5 00l 0005 005 ol
tions, corr(c, &) = 0.981, with a mean ab- () (0195 (025315 (05,105 (0.75,035) (0.90.115)

solute percentage error of & with respect to
a of 13.1%, impressive given that & is dis-
crete. For o = 0.01, the mean absolute error s
was 0.00203, with values of 0.00332,0.00598 ~ combinations.

and 0.00668 for o« = 0.025, 0.05, and 0.1 re-

spectively. Additionally, 48.75% of iterations saw & < «, close enough to the expected 50%.
Dissecting further, if we use the notation P(& < « | n), for instance, to represent this propor-
tion for those iterations with a specific value of n, we find that P(& < o | n) = P(& < ) V',
Pla@<a|a)=Plad<a)Vaand P(d < a | f) = P(& < a) ¥V (3, that is, there are no
significant trends in the data suggesting that the levels of n, o and 3, respectively, influence the
calibration of the calculation of f to the desired risk level.

However, while the correlation between & and « remains almost perfect when controlling
for p; at low probabilities, & is lower than «, while the opposite is true at high values of p. This
suggests that f is exaggerated for large probabilities and understated for low-probability bets.
However, this is unsurprising. As outlined above, with & being discrete, when considering the

Table 2: Parameter values for n, a, (3, (p, b)
in the simulation, giving 4 -4 -4 -5 = 320
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ranges [0, |wz || and [[wg], n] of won bets w giving returns less than respectively greater than /3,
when probabilities are extreme, the difference between « and the cumulative probability of the
floor of wg increases. From (36), we see that wg depends on n, p and « as input. We therefore
take the values p = 0.1, 0.5, 0.9 and for each of the combinations of these with the four values
of n and « in Table 2, we calculate the difference between o and the cumulative probability of
Lwﬂj, from the Binomial with n and p as parameters. In this simulation, the mean value (note,
not mean absolute value) of P(w < |wg]) — « was -0.0027, -0.00026 and 0.0050, respectively,
for the three values of p. In our equation for f, we calculate the cumulative probability of wg by
approximating it as continuous; however, in the simulations, it is discrete. At low levels of p, the
discrete probability is lower than «, which is why we see a large proportion of & < « at low prob-
abilities, and vice versa for high probabilities. Thus, the equation remains calibrated in p as well,
the distorted values of P(& < « | p) simply a result of the discrete nature of the simulations.

We have limited ourselves to
calculations where p € [0.1,0.9].
This is due to the deterioration in the
calibration of & to « as the proba-
bilities move towards O or 1. Fig-
ure 4 plots the absolute difference
between the two versus p, where b
and f are calculated as in the sim-
0104 ulations above. Plotted is a central
moving average, at each point p the
003 1 average absolute difference between
A & and « across the previous and

0009 ‘ , , , , immediately succeeding twenty-five

U'U ' e, ' H points. As p becomes increasingly

extreme, the error increases, espe-

Figure 4: Central moving average across 25 preceding cially for large probabilities, mean-

and succeeding points of the absolute difference between ing, on average, that the calibra-

& and «. Calibration decreases when probabilities be- tion of our risk-management is su-

come extreme. perior for more moderate probabil-

ities. The points 0.1 and 0.9 used

above are largely arbitrary, but seem to be roughly where the rate of deterioration increases
drastically.

0.25

0.20 A

—n|

11,15

CMA,

4.3 Taylor Expansion

The approximation in (37) uses the Maclaurin series of In(x), estimating the function close to
the point z =~ 0. If we instead consider a point f; as an estimate for f, then we can use the
Taylor series instead, expanding the logarithmic terms including f around fo instead of 0. This
derivation is more elaborate, but we find that ln(l— f) =~ ln(l — fo) — fo (f—fo)— ST To? fo s(f—

fo)? and that In(1 + fb) ~ In(1+ fob) + 135 (f — fo) — 1+fob 5 (f — fo)?, both to the second
degree. We can similarly substitute into (37), and then rearrange for a quadratic in f, which has
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the following solution:

—bf — 1/b3c —4afo
f:

2af
0= w .1( L v )_ "
P72\ (- fo)2 (1 + fob)? 2(1 = fo)? (40)
b 1 n
bfZWQ<1+fob+1—fo)_1—fo_2f°af

Cf =W, - In (11+ J;?b) —In(1+ B) +nln(l — fo) + fia; — foby
— Jo

which takes arguments p, b, n, o, 3, fo, and has w,, A, B and C calculated as in (39).

We can evaluate the solution in (40) compared to (39) during the same simulation as above,
iterating across the 320 parameter combinations outlined in Table 2. Our estimate for f; in (40)
is the value for f from (39), the rationale being that the Maclaurin approximation is good for
values of f close to zero, and the Taylor approximation being more accurate for values of f
close to fj, meaning (39) is used to identify the correct range of f, and (40) the correct value.

Across the 320 iterations, then, we find that corr( fy, f) = 0.999, suggesting that (40) only
makes minor adjustments to (39). However, where the correlation between o and & ¢, above was
0.981, now we have corr(a, &) = 0.970, the Taylor-series method giving an inferior fit to «.
Indeed, P (| o — ép, |[>] @ — @y |) = 0.103, with the original method in (39) being worse in
just 10.3% of iterations. If we let /; be the indicator variable such that /; = 1 if in iteration ¢,
| i — & 5, |>] ci — G ¢ | and O otherwise, then we can regress the linear probability model

I; = 00 + 01p; + dany; + O30 + 043; + €; (41)

to see whether any of the input variables (omitting b due to collinearity issues with p) can inform
whether (39) or (40) is more suitable for a particular case. We find that the test statistics from
estimating (41) on the 320-iteration simulation for 9, and d3, respectively, are 3.184 and —2.869,
with coefficient estimates of 6; = 0.3301 and &5 = —1.3554, suggesting that (40) is better for
high-probability, low-« cases. However, for the 16 iterations with p; = 0.9 and a; = 0.01, they
have the same & in 12 iterations, with (40) better in just 4. We saw above that (39) generally
produces values for f that give & > « when p is large, which we explained was to be expected
due to the discrete nature of &. (40) only producing four instances of improvement over (39)
despite this is therefore not sufficient evidence to suggest that it is a superior alternative for
these particular cases, given its inferiority otherwise across the input parameter space. The
conclusion of this section, then, is that the Maclaurin-based solution is more calibrated than the
Taylor-based solution, and preferable especially given the lower complexity.

4.4 Elaboration for Portfolios of Distinct Gambles

Above we have seen that the equation for f is accurate across a broad range of the input parame-
ters. The analysis presented a single bet with probability p and profit b, and optimised the Kelly
fraction such that, over n repeated wagers, the probability of experiencing returns worse than
[ equals . In many practical scenarios, however, a wager is available as a one-time opportu-
nity, not being able to be repeated arbitrarily. We therefore explore the possibilities of using our
calculation for f to create a general risk-management strategy, in the sense that, if we take n sep-
arate wagers, each optimised according to the same Value-at-Risk profile defined by n, o and £,
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(p,pa) (0.1,0.2) (0.2,0.3) (0.3,0.4) (0.4,0.5) (0.5,0.6) (0.6,0.7) (0.7,0.8) (0.8,0.9)

0 0.04777  0.0487  0.05101 0.05119  0.0528 0.0534  0.05705 0.07518
0 0.05275  0.04928  0.0479  0.04586 0.04504 0.04486 0.04608  0.05799

Table 3: For eight ranges of (p;, p.), a comparison of & for the median-error case between the
optimised and unoptimised models.

then for these n distinct bets, combined, they will achieve the same Value-at-Risk. The intuition
is simple. Take the two wagers (p, b) = (0.25,3.15), (0.75,0.35), calculating f optimised over
the same n, « and 3. Repeating each bet n — 1 times, adding the n-th bet, in each case, gives a
probability « of experiencing returns less than or equal to 3. Therefore, it seems reasonable that
if we instead take the n — 1 bets of each wager, but then add the n-th bet from the other, the same
Value-at-Risk risk profile will be achieved. We can then use this reasoning inductively (despite
it not necessarily being robust mathematically), with the commutativity of the Kelly gambling
returns, to create a portfolio of n separate wagers, hopefully with a well-defined Value-at-Risk.

Therefore, we seek to optimise f with respect to p. We do so by adjusting the constant A

8(m — 3)

=— 7 40+ hp+Op® +65(p(1+0b)—1 42
@y T Ot op” + 03(p(1 +0) — 1) (42)

where the 6 are parameters to be optimised, as an adjustment to the intercept, the probability
and its quadratic term, and the wager expected value. The simulation performed is as follows,
for a chosen risk profile n, o and (3, we for a given set of parameters @ = (6, 01, 6, 03), for
each of 100,000 runs (as above), draw n values £V ~ U(0,0.025) and p ~ U(p;, p.,.), where
we have eight pairs (p;, p,) = (0.1,0.2),(0.2,0.3),...(0.8,0.9). We calculate the adjusted f
with the input parameters, and hence get a value for &, as above. For each pair (p;, p, ) we repeat
this process five times, obtaining five values for &. For each pair, we select the median value
of | & — « |, and then across the eight medians, return the maximum value. We thus seek the
parameters in & which minimises this maximum median value. The rationale is that we want
the model to be calibrated across the entire domain of p, and hence split it into these segments
of width 0.1, while considering only the worst value.

For the Value-at-Risk profile (n, a, ) = (500,0.05, —0.05), in our simulation we found
that & = (—0.4,0.933,1.55,0.3833) gives the best fit, with a representative distribution of &
values corresponding to the median value of | & — « | for each of the eight segments being
displayed in Table 3, compared to the same values without optimisation (with parameters from
the zero vector 0). A couple of comments are that, first, here the model error is related to p, in a
convex quadratic effect. For moderate values of p, the expression value for f will be too conser-
vative, while it will be exaggerated for extreme values. Second, we have a rather conservative
range of expected values, these ranging from O to 0.025. When the upper limit of this range
is increased, the model calibration deteriorates rapidly (also true for the single-gamble case
above). This is a clear limitation, with our expression only applicable for wagers which are only
slightly favourable; of course, if a bettor can systematically identify extremely favourable bet-
ting opportunities, then their need for a conservative risk-management system will be decreased.
Furthermore, these parameters are results which hold only for (n, «, 3) = (500, 0.05, —0.05).
When attempting to optimise 6 while also varying n, a and f3, the calibration again exploded.
Finally, in the majority of segments, the basic model actually performs reasonably well, some-
times even better than the optimised model; however, it is evident that, when the parameters
are fit, the worst case is significantly better. As such, for this particular Value-at-Risk specifica-
tion, and for the given ranges of probabilities and expected values, we get the final closed-form
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expression for f:

wa(1+b) —n+/(n —ws(1+0))2 = 2In(1 + B)(n + ws(0? — 1))

f=

n+wg(b? — 1)
—B+VvB?—-4AC
wg =np — |/ np(1 —p) "
43)

8(r—3) , (

= d—n) + 0o+ 01p + O2p” + O5(p(1 +0) — 1)
B=21ac

m

C=In(l-(2a—1)?

which takes arguments p, b, n, a, 3, and 6, with (g, 01, 65, 05) = (—0.4,0.933, 1.55, 0.3833) for
(n,a, B) = (500, 0.05,—0.05). Of course, if an individual bettor has a certain class of wagers,
in terms of the typical values for p and b that they can systematically identify, then they can
customise @ accordingly. We have here merely demonstrated, in a thoroughly non-exhaustive
manner, that it is possible to create a reasonably well-calibrated model for the broadest range of
parameters possible.

4.5 General Risk Discussion

We have discussed a Value-at-Risk model for wagers with binary outcomes. One might think
that such wagers are extremely risky, given that a losing wager loses the investor their entire
stake. Similarly, VaR models have received substantial criticism due to their unsuitability for
financial markets with heavy tails (Sollis, 2009). Given the apparent inherent riskiness of wa-
gers, and the deficiencies of VaR models, the combination does not intuitively seem to be the
best risk-management solution.

To evaluate this, we perform a similar simulation to the above. We keep o = 0.05 and
B = —0.05 fixed, and consider p € {0.25,0.5,0.75} and n € {100,500, 1,000}, with a 1%
edge giving b, meaning we can use (39) as our model for calculating f. For each of the nine
combinations, we calculate mean returns and volatility, giving the Sharpe ratio (Sharpe, 1966),
as well as skewness and kurtosis. The Sharpe ratio is standardised to the 1,000-wager, level,
multiplying the Sharpe ratio for a 100-wager iteration by /10 and that for a 500-wager iteration
by V/2. Table 4 shows the results.

The first concern listed above is the perceived riskiness embedded in binary-outcome wa-
gers. This riskiness should be reflected in high volatility, but in all cases across p, the Sharpe
ratio is good or even excellent, ranging from 0.175-0.18 for p = 0.25 to 0.53-0.54 for p = 0.75
(note that our normalisation mechanism seems to be sensible, given that the Sharpe ratios for
different values of n converge for a certain value of p). It is reasonable that lower-probability
events should have a lower Sharpe ratio than high-probability events, since fewer wagers will
be won. Regarding the second concern, that of VaR being a generally flawed metric, we can see
here that the kurtosis fluctuates around 3, as one would expect for a normally-distributed random
variable. Similarly, the skewness is slightly positive, meaning that we have more tail events in
the positive tail than the negative tail. Since VaR only cares about the negative tail, this too is
not an issue: if anything, our models will be overly conservative. The skewness, converesely
to Sharpe ratios, decreases in p, which is reasonable for similar reasons: just a few extra won
wagers will have an inordinately large impact on returns, which is more likely to happen when
fewer wagers are won (due to low p), all else being equal.
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D n Mean Volatility Sharpe Ratio Skewness Kurtosis

100 0.0018  0.0320 0.175 0.203 3.046

0.25 500 0.0042 0.0336 0.175 0.157 3.059
1,000 0.0063  0.0350 0.180 0.140 3.035

100 0.0031  0.0330 0.300 0.096 2.981

0.50 500 0.0079  0.0360 0.310 0.108 3.029
1,000 0.0120 0.0384 0.311 0.126 3.029

100  0.0059 0.0346 0.539 -0.007 2.972

0.75 500 0.0153 0.0407 0.531 0.072 2.996
1,000 0.0248  0.0467 0.531 0.090 2.991

Table 4: Returns simulation for different values of p and n, with « = 0.05, 5 = —0.05 and a

1% edge. Sharpe ratios are standardised to the 1,000-wager level. Mean, volatility, skewness
and kurtosis relate to the distribution of returns across iterations.

We can confidently say, then, that binary-outcome investments can have attractive risk
profiles when risk is managed sensibly, and that VaR is a very useful tool for curtailing such
risk.

4.6 Conclusion

In this section, we have demonstrated that our closed-form expression for the optimal Kelly
fraction, subject to a desired Value-at-Risk, is well-calibrated across a broad range of gambling
scenarios. We have also seen that a bettor can use an adjusted version of our expression when
they stake on n distinct wagers, rather than the same wager repeated n times, to similarly control
their downside. Although not applicable in all situations, our framework is useful for practition-
ers, who want to maximise their capital growth in the spirit of Kelly-criterion investing, while
simultaneously managing risk.

5 Brier Score Test

The Brier score (Brier, 1950) is a strictly proper scoring rule for quantifying the strength of a
vector of probabilistic forecasts, given their outcomes. Bradley et al. (2008) developed — and
Wilks (2010) discussed further — an expression for the variance of Brier scores, incorporating
both the forecasts and their outcomes. These two authors demonstrate the accuracy of the ex-
pression, illustrating with Monte Carlo simulation that the randomly sampled variances match
the predicted variances across a broad range of forecasts. Although useful, for instance, in defin-
ing a confidence interval for the forecast-generating model’s Brier skill score, what the Bradley
et al. framework fails to accomplish is testing whether the model is calibrated or not, in the
absence of some target or benchmark Brier score. We supplement this deficiency by providing
estimates for the Brier score mean and variance using only the probabilistic forecasts, allowing
us to use the observed Brier score as a test statistic to compare against this estimated distribu-
tion. In this section, we provide these estimates for the mean and variance of the true Brier
score under the null hypothesis of perfect calibration, and proceed to evaluate the accuracy and
suitability of these expressions using Monte Carlo simulation.
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5.1 Brier Score Hypothesis Testing Framework

We have an n-tuple of probability forecasts f = (fi,..., f,) for n events, and the n-tuple of
outcomes for these events « = (z1,...,x,), where each x; is a Bernoulli trial with unknown
parameter, x; € {0,1} V i. We can calculate S”, an estimate for the Brier score S (Brier, 1950)
of these forecasts, using

R )

§=- ;(fz z;) (44)
where the Brier score is a strictly proper scoring rule (Gneiting and Raftery, 2007), incentivising
the forecaster to provide their true belief f; for each forecast . The Brier score is a loss function,
ranging from O to 1, with O representing perfect forecasting.

We want to develop a hypothesis test for whether our model, from which f is generated,
is calibrated. We define this null hypothesis as

Hy: Elx) = fiVi (45)

that is, the expected value of the ¢-th outcome variable x; equals the model forecast: z; ~
Bernoulli( f;). In this framework, we assume that f is calibrated, and hence calculate the distri-
bution of sample Brier scores that would be observed under the null hypothesis. We calculate
our observed Brier score using (44) by combining f with . We then compare this test statistic
to the null distribution, and evaluate (45) at a given significance level.

The expected Brier score E[S] is calculated

%Z(fi - xi)z] = %ZE [(fi —2:)?] = %ZE ([} = 2fix;+ 2} =

=1

(46)

n n n
1

=D (B + E[-2fw]+ B 2]) = % D=2+ f) = % D =12

using that, under the null, the f; are constant, and that, with the x; being Bernoulli random
variables, ¥? = ;.
We can similarly calculate the variance of the Brier score, Var[S], as

VarlS] = E[S? — B[S = E (% >~ xi)2> _ (% > (- ff)) @7
Expanding, (;; 371, (fi — ZEi)Q)z =L O (fi —x:)?) (Z?ﬂ(f' _ xj)2> _
o <Z?:1(fz zi)* + > ini(fi— )2 (f; — x;)? ) Hence, F[S?| =
"_12<Z?:1E[( i_$i)]+zi7ﬁj [(fi = 2:)?(f5 — ;) ]):

(
L (S (U= 20)) + oy B L — 0 E I, - 2,)7])- We have that B[(f; — 2] =
fl(l — fot+ (1 = f;) f! and that E [(f; — x;)*] = f; — f?, which gives E[S?] =

= <Zz VA= f) (= f) T+ 2 [ f2)(f] ff)}), and finally

var[5]2%<i[ﬁ( —fi)t + f =+ [ > (

i=1 i#]

n

;’IH

=1

(48)
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Thus, given f, we can use (46) and (48) to calculate the mean and variance of the dis-
tribution of Brier scores, under the null hypothesis in (45). As desired, these expressions are
independent of @, which only enters into the calculation of our test statistic from (44). With the
Brier score bounded by 0 and 1, it seems reasonable to assume that these sample Brier scores
are beta distributed S ~ Beta(v, w) (Bayes, 1763; Krzysztofowicz and Long, 1991), with prob-
ability density function

Sv—l(l _ S)w—l
B(v,w)

where B is the beta function and v and w are parameters such that if a beta distribution has

mean /4 and variance o2, then
1—
(M )
g

1 —p
w =
W
Thus, with © = E[S] from (46) and 0? = Var[S] from (48), using (50) we can calculate the vg
and wg which govern the distribution of Brier scores under the null hypothesis in (45). For our
test statistic S from (44) using f and «, we obtain a p-value

(49)

(50)

v

Ps = 1-— IS(Us,ws) (51)

where [ is the regularised incomplete beta function, which is the cumulative distribution func-
tion of the beta distribution, evaluated at S (Peizer and Pratt, 1968). Since the Brier score is a
strictly proper scoring rule, our hypothesis test only considers the positive tail, as this is where
the scores from uncalibrated models would appear: the negative tail consists of calibrated mod-
els which have experienced fortunate sequences of outcomes, with respect to their forecasts.

We now consider the accuracy
of our expressions in (46) and (48),
the validity of the assumption that 107
the Brier scores are beta distributed,
and the performance of (51) as a so- 084
lution to (45).

5.2 Analysis

To evaluate the accuracy of our
equations for E'[S] and Var[S], as
well as the beta assumption, we run
a Monte Carlo simulation. In each ‘ , , ‘ , ,

of m = 10, 000 iterations, we draw b . o s b o -

n = 10" where u ~ U (log,,(50), 3)

— that is, n is drawn on a logarith- Figure 5: The cdf of Kolmogorov-Smirnov p-values
mic scale between 50 and 1,000. We across 10,000 iterations. The darker line corresponds to
also draw parameters for a beta dis- our expressions for E[S] and Var [S}, while the lighter
tribution vy, w; ~ U(0.5,5), giv- line tests data drawn from the specified distribution.

ing f o= (fooifu | fi ~

Beta(vy, wy) V i), from which we

calculate E[S] and Var[S] using

0.4+

Cumulative Distribution

0.24

0.0+
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(46) and (48), respectively. The bounds for the vy and wy are chosen to give a relatively
broad range of distributions of forecasts, to mimic the breadth of possible forecasting sce-
narios which may occur in practice. Then, with f, we generate 10,000 n-length vectors
x; = (z1j,...,%n; | ¥;; ~ Bernoulli(f;) V i), and for each of these x; calculate the corre-
sponding Brier score Sj using (44). Thus, for each iteration’s f, we have 10,000 Brier-scores,
which follow the distribution described under the null hypothesis in (45).

We want to evaluate, first, whether E[S] ~ S and Var[S] ~ s%, that is, whether our
expressions for the mean and variance match the sample values across the Sj; and second,
whether the S’j ~ Beta(vg, wg), where vg and wg are calculated from (50) using F[S] and
Var|[S] (note, not using S and s%: we want to ascertain that the Sj are beta distributed with
our expressions for the mean and variance, not merely with the observed ones). To accom-
plish the former evaluation, we simply calculate the correlation across the 10,000 (E[S], S) and
(Var[S], s%) pairs, respectively. For the latter, we use the one-sample Kolmogorov-Smirnov
(KS) test (An, 1933; N. Smirnov, 1948), a non-parametric test which gives the probability of a
sample being drawn from a certain continuous probability distribution with specified parameter-
isation, with the alternative hypothesis being that the data is drawn from some other distribution.

We find that Corr(E[S], S) =
204 0.999993 and Corr(Var[S], s%) =
0.999753, with a practically per-

020 fect fit between the predicted val-
$; ues from our equations (46) and
] (48). Indeed, when these are plot-
E 0 /\ ted, the resulting figures are barely
oL . distinguishable from a straight line
" through the origin with unit slope.
' The results from the KS tests are
also convincing, with the null hy-

Density
=
Density
Density
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pothesis being sustained in 90.3%
and 96.8% of the m = 10,000 it-

; S; erations, at 5% and 1% significance
levels, respectively. The darker line
in Figure 5 shows the cumulative
distribution of the p-values py from
the 10,000 iterations. The lighter
line is the cumulative distribution of
p-values from a KS test when the S j
values are drawn immediately from the beta distributions with vg and wg, and gives the cu-
mulative uniform distribution which p-values follow under the null, as expected. Hence, the
concavity of the dark line demonstrates that there is a greater proportion of smaller p-values
than one would expect if the S ; were indeed beta distributed with parameters vg, w,, suggesting
that our expressions for the mean and variance do not give perfect distributional fits. However,
for our purposes, testing the hypothesis in (45), it should be sufficient. Indeed, Figure 6 plots
nine sample distributions of 10,000 S’j as well as the beta distribution (dark line) parameterised
by vg, wg, for cases where pis < 0.001, which occurred in only 0.68% of iterations. The visual
fit to the general shape of the distribution is perfect, with the disparity arising from arbitrary
spikes at certain values of S*j_ Given our use case, where we will compare an observed Brier

score S to its distribution under the null hypothesis in (45) according to (51), this approximate

Figure 6: Nine sample cases of predicted (dark) and re-
alised distributions of S ; where the Kolmogorov-Smirnov
p-value is prs < 0.001. Even for these poorly-fit cases,
the visual match is very good.
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fit is more than adequate.

We now evaluate whether the KS p-value depends on the distribution of the f or its num-
ber of elements n. As described above, in each iteration we randomly draw n probabilities
fi ~ Beta(vy,wys). We use beta regression (Kieschnick and McCullough, 2003; Ferrari and
Cribari-Neto, 2004; Geissinger et al., 2022) to regress the py, on linear combinations of n, vy, wy
and their higher polynomials. Essentially, beta regression takes a conventional multi-linear re-
gression model and transforms it using, in this case, a logit link function, whereby the model
predictions are bounded by 0 and 1. We can thus evaluate the extent to which n,v; and wy
contribute to pis. We use the Bayesian information criterion (Schwarz, 1978), given by

BIC = kln(m) — 21In(L) (52)

where k is the number of model parameters, m is the data sample size, and L is the maximised
likelihood of the model, upon optimisation. The BIC provides a nuanced comparison of different
models, penalising unnecessary parameters (unduly high k) while rewarding improved model
performance (higher L). Relatively, the more negative is BIC, the better is the model. For a base
model with only a constant, we find that BIC = —724.93. A second model with a constant as
well as the linear and quadratic terms of vy and w; has BIC = —753.76, suggesting that these
two parameters contribute valuable information in attempting to predict pys. Adding the linear
and quadratic terms of n to this model, however, gives BIC = —1105.42, a vast outperformance,
demonstrating that the majority of variation in py is explained by n, the number of forecasts
made.

Figure 7 plots pis as a func-
tion merely of n and its polynomials
up to degree seven. Obviously this
0.475 4 model is overfit, but our intention is
0.450 to explain the observed data to the
utmost extent, not to make a-priori
predictions. We observe that, above
=1 n ~ 200, the p-values are practi-

0.375 4 cally constant, with a mean of 0.475
0.350 1 or so, while there is a sharp increase
from n = 50, suggesting that the

majority of cases where our expres-

, , ‘ , , sions for E[S] and Var[S] did not
2 o . . e o fit the observed data occurred when

n < 200. Of course, even at n = 50,
Figure 7: Using Beta regression, we model the the mean value py, is roughly 0.3,

Kolmogorov-Smirnov p-values py as a function of n and so on average our calculations are
its higher-order polynomial terms. valid, and indeed, Figure 6 suggests
that even when the fit is bad, per se,

0.500 4

0.325 4

0.300 4

it is still more than serviceable for our purposes.

We hence conclude that for two n-tuples of forecasts f and realised outcomes «, the ob-
served Brier score S from (44) follows a beta distribution with mean given by (46) and variance
given by (48) under the null hypothesis in (45) of the forecast-generating model being perfectly
calibrated. We can then use (51) to evaluate whether the model is indeed calibrated, at a chosen
significance level. To demonstrate the test, we perform a second Monte Carlo simulation. In
each of 1,000 iterations, we draw vy, wy; ~ U(0.5,5). Then, in each iteration, we draw n as
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above 10,000 times and for each generate f = (f1,..., f,, | fi ~ Beta(vs,wy) V ¢). For each
f, we calculate E[S] and Var|[S]. To generate « we use the linear model of Murphy and Wilks
(1998), adopted by Bradley et al. (2008), given by

1= (1_— , vf
Elz;] = (1 A)fZ+Avf+wf (53)

where A > 0 is a parameter and qujrf@f is the mean of the beta distribution of the f;. If A =0,
then (53) gives E[x;] as (45) would demand, while if A > 0, then the forecasts are less individ-
ually calibrated, increasingly becoming the base-rate frequency, the climatological probability.
For different values of A, we generate a corresponding to f according to (53), with the Bernoulli
parameter being E[x;]. For different values of the significance level «, we then evaluate the null
hypothesis in (45) using (51). Each of the 1,000 iterations will then have, for each («, A)-pair,
10,000 observations of whether the null hypothesis in (45) is rejected or not. For each iteration,
we take the proportion of cases in which the null is sustained. Table 5 gives 1 — p,a the mean
of these proportions across the iterations, for each (o, A)-pair.

Considering first the case where A = 0, we would expect to see a proportion « of cases
leading to rejections, since we are under the null hypothesis. With a slight bias, this is indeed
what we observe. The test seems to be somewhat over-sensitive, rejecting a proportion slightly
greater than «. But clearly it is very well-calibrated overall. Indeed, as A increases, the pro-
portion or rejections increases at each significance level, as expected, since model calibration
decreases in A.

This relationship is actually extremely
predictable: denoting 1 — p,a as the mean
proportion of rejections across the 1,000 iter- 001  0.05 0.1
ations, with the given values of A and «, if we 0 0989 0949 0.899
regress paa = fo+ 1A+ f20+ean by using A 0125 0898 0759 0.652
ordinary least squares, we get an R-squared 025 0695 0512 0407
metric of 0.956. This, of course, is merely
across the nine observations shown in Table
5, but if we instead index the 1,000 iterations
by ¢ and then denote 1 —p;, as the proportion
of rejections for pair («A) in the i-th iteration
and regress pioa = B0 + B1A; + facii + Eians
we instead have 9,000 observations and obtain an R-squared of 0.775: not quite as perfect,
but representative of the strong relationship between the three variables nonetheless, especially
given that there are only nine pairs of values to regress on.

We conclude this discussion by stating, then, that our hypothesis test developed above is
robust and calibrated across a large range of values for the number of forecasts n as well as
the distribution of these forecasts f. A forecaster can thus, after making a moderate number of
predictions and observing the outcomes, evaluate whether their model is calibrated or not.

«

Table 5: 1—p,a: the mean proportion of cases
where the null hypothesis in (45) is sustained
using (51), as a function of A and a.

5.3 Test Eligibility

We have seen above that the beta fit is good even for n = 50, but this was for distributions of
probabilities f; ranging from vy, wy € [0.5, 5]. In this section we suggest a rule for determining
whether the test is applicable. The criteria for a normal approximation to the beta distribution be-
ing accurate relate, in general, to the approximate equality of the parameters v and w, or to their
size (Wise, 1960). Here, however, we will imagine that a related criterion is applicable, namely,
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that E[S] — z4/Var[S] > 0, which comes from the rule for a normal approximation being

appropriate for the binomial distribution, where z = 3. We can rearrange to find % > z.

Figure 8 plots the usefulness of
this rule at different values of z, for = A
a Monte Carlo simulation very simi- T <
lar to that above, the only difference £051
being that we draw n on a logarith-
mic scale between 5 and 1,000, and Lol

l%]
vy and wy on a logarithmic scale be- g
tween 0.1 and 100, to give a broader "0

10

T T T 1
20 30 ] all

range of possible forecasting scenar-
ios. In the three panels, the darker 104

line considers those iterations which
E[S]

gave \/T[S]

line shows the complement. The o " o . o o
upper panel gives the mean KS p- :

value for these two groups. The sec- Fi o FS) )

ond panel gives the proportion of p- [18Ure 8: Filtering by Tra (dark lines aggregate above
values above and below 0.05, while z), displaying the mean p-value (upper panel) and the
the lower panel does the same but probability of sustaining the KS null hypothesis. The hor-
for the significance level 0.01. The izontal lines denote usual behaviour, attained at z ~ 10.
horizontal lines in each are drawn at

0.475, 0.903 and 0.968. These num-

bers were mentioned above as the representative values when the mean and variance estimates
were good and the beta distribution behaved well. We can see that this normalcy is attained
roughly for z = 10, demonstrating the ability of this rule to filter out the cases where the test is
not quite applicable.

We want to extract n from this relation, giving a threshold sample size. We can express
the numerator as E[S] = E|f; — f?]. Separating the individual components of Var[S], we find
LS A= f) (= f)F = LELf(L— £+ (1— £)f] and
o Yy [ = 15 = D] = =2 (ELf; — f7))° giving
Var[S] ~ LB [fi(1 = fi)* + (L= f) £+ =5 (Bl = £2)° = (Blfi = £2))° =

L(BUR = £+ (0= f0F8 = (BL — 2))°). Ths,

T T T 1
20 30 ] 5l

> z, while the lighter

E1S] Elfi — f7]

_ (54)
VVarls] \/ L (B = f+ (= ) = (Bl - 12D

If we assume that the distribution of f remains constant, this implies that BlS] o vn. We

v/ Var[s] ™
thus obtain the heuristic n, = 22 V,E“[g[]f], where 7, is the threshold value of n which allows us
to apply the hypothesis test. However, when this rule was used instead of that in Figure 8, the
output was surprisingly dissimilar, despite the correlation between the left and right hand sides
in (54) being 0.9998 in the simulation. Indeed, for the cases where i]S] < 10, 54.5% had

Var

n > n.. We suggest, then, that the applicability of our test has more to do with the distribution
of the forecast probabilities and the ensuing distribution of Brier scores than it does the sample
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size, and that if our rule for eligibility is not fulfilled, simply gathering more forecasts will not
ensure that it will be applicable eventually. This is not contradictory to the evidence in Figure 7,
as we merely showed there that larger n improved the fit for cases which were already applicable.

5.4 Conclusion

In this section, we have derived a framework complementary to that of Bradley et al. (2008),
where highly accurate estimates of the mean Brier score and its variance can be calculated
using only the vector of forecasts f, where Bradley et al. required the outcome vector x as well.
This development allows a forecaster to evaluate the hypothesis that their model is calibrated,
in the sense that the expected value of the outcome variable x; for the ¢-th forecast equals the
probability f; provided for this event, E[z;] = f;. After a reasonable number of predictions,
the forecaster can calculate the observed Brier score S and compare it to the null distribution
of Brier scores, possibly deciding, at a given significance level, that S'is significantly above the
mean E[S], thus rejecting the null hypothesis that the model is calibrated, and indicating that
the forecaster would be well-advised to return to the model design and consider why forecasts
are thus inaccurate.

6 Financial Applications

The paper in entirety has been framed in the diction of wagering and fixed-odds gambling games.
The Kelly criterion (as well as the Brier Score, albeit to a more limited extent) belongs more
naturally to this environment. However, the results derived in this paper are certainly applicable
in more conventional financial markets as well.

The main characteristics of Kelly wagers is their binary nature — either the wager wins
or it does not, in states with probability p and 1 — p, respectively — and the predefined payout
structure: a profit multiple of b in the winning state and —1 in the losing state. This structure
is clearly not representative for stock markets, although the Kelly-criterion style of investing
can indeed be applied there, see Rotando and Thorp (1992), among others (note also that, for
instance, the binomial tree model for stocks (Cox et al., 1979) has a strong resemblance to the
underlying mechanisms in the Value-at-Risk model proposed below, so there is certainly scope
for further application here).

However, several other markets have this structure, or can at least be approximated by it.
Binary options (S. Smirnov et al., 2024; Venter and De Jongh, 2022) have this exact structure:
bets traded on financial markets of whether an asset’s price will exceed some strike price or not.
ODTE (zero-days-to-expiry) options, which are traded for at most one day, also approach this
structure. Event-based contracts (Wolfers and Zitzewitz, 2006; Bossaerts et al., 2024) — bets on
economical, political, cultural and more general events — are of this nature as well. Polymarket,
Kalshi, Predictlt, Betfair Exchange, among others, are seeing large increases in liquidity and
trading volumes, increasing the scope for hedge funds and other shrewd financial investors to
generate abnormal returns in unconventional markets.

It is also possible to express more general assets in this manner. Zero-coupon bonds, for
instance, when held to maturity, pay a specified rate (which gives 0), as long as the issuer does
not default (the payment occurs with probability p). For investment-grade debt, p will be very
close to 1, while junk bonds, on the other hand, will have lower p and correspondingly higher
b. Conversely, credit default swaps, paying a fixed premium in case of default (again, b) use the
same estimate p, paying off with probability 1 — p.
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All this to say, despite the discussions being framed in a wagering context, the results are
wholly relevant for financial markets: a broad range of assets can be considered in the presented
framework, given that their payoff is fixed up-front and is not guaranteed.

7 Conclusion

In this paper, we have presented three distinct risk-management frameworks for binary invest-
ments: investment scenarios where there are two possible outcomes with prespecified returns.
We developed an extension of the Kelly criterion, optimising the stake size for an investment
when several unresolved investments exist, which thus obscure the true reference capital. Re-
maining in the Kelly-criterion scope, we found that our separate expression for Value-at-Risk
stake-sizing was equally calibrated. Finally, we derived a hypothesis test based on the Brier
score for evaluating whether the binary investor’s probability-generating model is accurate. In
the two position-sizing frameworks, prices are given, and any metric for value derives from the
probability p. The hypothesis test, then, is highly complementary, where the binary investor
can manage their risk using either of the frameworks where relevant, while ensuring that the
key input, p, is generally correct.
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9 Appendix: Artificial Intelligence

For this thesis, generative Al has played a supportive role. The exclusive application has been
to sanity-check our ideas with ChatGPT. Essentially, after writing a technical or interpretive
section, or producing a next step in a mathematical deriviation (for instance, going from (15) to
(16)), we verified with the Al tool that the analysis is both sound and reasonable. As such, it has
been a quality-filtration solution, in the sense that it has helped ensure the consistent correctness
of our own ideas, rather than having it generate our ideas. In the instances where our ideas were
misaligned, the Al tool elucidated this, and after a back-and-forth session of prompting, so that
we could understood our mistake, we ourselves rephrased the offending section or mathematical
expression. Of course, we did not blindly trust the feedback that the Al provided: if in the
back-and-forth we did not agree with its advice, we ignored it, but only after rephrasing our
original prompt and still receiving the same response, which we believed was less correct than
our original content. Al tools, then, have increased the quality of the thesis by minimising the
probability of incorrect content: the ideas and writing are all original.
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